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1
a)
In a class of 25 children there are 15 boys and 10 girls. The class teacher has 4 complimentary theatre tickets that she wants to distribute at random to the children in the class.

i) In how many ways can the four tickets be distributed to the 25 children in the class?

(3 marks)

ii) What is the probability that all four tickets go to boys?

(4 marks)

iii) What is the probability that two boys and two girls receive the tickets?

(4 marks)

b)
From a study on obesity the following results were obtained for a sample of adults aged 16 years and over.

The probability a person was male (M) was 0.469.

Given that the person was male (M), then 

the probability that he was of normal weight/underweight (N) was 0.35, 

the probability that he was overweight (O) was 0.43, and

the probability that he was obese (B) was 0.22.

Given that the person was female (F), then 

the probability that she was of normal weight/underweight was 0.44, 

the probability that she was overweight was 0.33, and

the probability that she was obese was 0.23.

Suppose a person is picked at random from the study.

i) What is the probability that the person is female?

(2 mark)

ii) Find the probability of each of the following events:

N ( M, O ( M, B ( M,

N ( F, O ( F, B ( F.

(12 marks)

iii)
Put the probabilities calculated in ii) above in a two-way table.

Find the marginal probabilities (i.e. the row and column totals) in the table.

(4 marks)

iv)
Hence, find the probability that the person is male given that the person is overweight.

(4 marks)



[Data Source: Health Survey of England, 2003]

2
a)
The number X of customers arriving at a post office over a ten minute interval has a Poisson distribution with a mean of 4 customers.

Use the Part A of the Minitab output to find the following:

i) the probability that less than 2 customers will arrive

(2 mark)

ii) the probability that more than 5 customers will arrive

(3 marks)

iii) the probability that more than 2 and less than 7 customers will arrive

(3 marks)

iv) the number x of customers such that p(X ( x) = 0.05113.

(5 marks)

b)
The times X between arrivals of customers can be modelled by an Exponential distribution.

The times of between arrivals of 50 customers were observed.

Use Part B of the Minitab output to answer the following:

i) State the sample mean.

(2 mark)

ii) State the sample lower and upper quartiles. Hence, find the semi-interquartile range.

(5 marks)

iii) Based on the graphical output, explain whether the exponential distribution is a suitable model for the interarrival times.

(5 marks)

v) Assuming that the above exponential distribution is a suitable model, find the following:

Find p(X  ( 5) and p(5 < X ( 10).

Find a 90% interval for X.

(8 marks)

MINTAB OUTPUT FOR QUESTION 2

PART A

Cumulative Distribution Function 

Poisson with mean = 4

 x  P( X <= x )

 0      0.01832

 1      0.09158

 2      0.23810

 3      0.43347

 4      0.62884

 5      0.78513

 6      0.88933

 7      0.94887

 8      0.97864

 9      0.99187

10      0.99716

11      0.99908

12      0.99973

13      0.99992

14      0.99998

15      1.00000

PART B

Descriptive Statistics: interarrival time 

Variable            N   Mean  SE Mean  StDev  Minimum     Q1  Median     Q3
interarrival time  50  2.648    0.352  2.486    0.141  0.805   2.046  3.442

Variable           Maximum

interarrival time   10.623
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MINTAB OUTPUT FOR QUESTION 2

PART B CONTINUED
Cumulative Distribution Function 

Exponential with mean = 2.648

 x  P( X <= x )

 1     0.314525

 2     0.530124

 3     0.677912

 4     0.779217

 5     0.848659

 6     0.896259

 7     0.928888

 8     0.951255

 9     0.966586

10     0.977096

Inverse Cumulative Distribution Function 

Exponential with mean = 2.648

P( X <= x )        x

      0.025  0.06704

      0.050  0.13582

      0.250  0.76178

      0.500  1.83545

      0.750  3.67091

      0.950  7.93270

      0.975  9.76815

3
A certain airline found that 10% of people making reservations on a certain flight last year did not arrive for the flight. The airline policy is to sell to 75 passengers reserved seats on a plane that has exactly 73 seats as it wishes to fill all seats. Let X be the number of passengers not arriving for the flight.

a)
Explain why X has a Binomial B(75, 0.1) distribution.

(4 marks)

b) Find p(X = 0), p(X = 1) and p(X ≤ 1).

(9 marks)

c) Hence, what is the probability that for every person who arrives for the flight there will be a seat?

(4 marks)

d) The airline wishes to overbook as little as possible, as passengers with reservations on a long haul flight who are turned away receive compensation. Suppose n passengers are booked on a plane that has 199 seats and Y is the number who show up. Assume that the percentage of people who make reservations not arriving for the flight is 10%.

i) What is the probability of a passenger showing up for the flight?

(2 mark)

ii) Assuming that Y is Binomial B(n, 0.9), what is the mean and variance of Y?

(4 marks)

iii) In order to limit overbooking the airline wants to set the value of n such that p(Y ≥ 200) = 0.025. Use the Normal approximation to the Binomial to find the value of n.

[NOTE: The solutions to the quadratic equation, 
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(10 marks)

4
Let X be a random variable having an exponential distribution with probability density function given by
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for x > 0 where 

 > 0


a)
Let 

be a random sample of observations made on X.

i)
Write down the likelihood function 

 and show that the log likelihood function  for the parameter 

 is given by:
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(3 marks)

ii)
Show that the maximum likelihood estimator of 
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 is
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(4 marks)

iii)
Given that the median m of X is
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find the maximum likelihood estimator 
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 of m and show that it is unbiased for m.
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(6 marks)

iv)
Show that the expected information for the parameter 
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 is given by
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Hence show that the asymptotic distribution of 
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 and hence show how to construct an approximate 100(1 – α)% confidence interval for m.

(12 marks)


b)
A random sample of 16 patients with an incurable disease was taken and the time X between contraction of the disease and death was measured in weeks, giving
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Assuming that these times are exponentially distributed, find an approximate 95% confidence interval for m, the median time before the disease proves fatal.

(8 marks)

5
a)
For the simple linear regression model,




for 

[image: image17.wmf]i

n

=

1

2

,

,

.

.

.

,




where


,  and 
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assume that the least squares estimator of ( is given by 
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[NOTE :  You do not need to prove the above and no marks will be awarded for proving this result.]

i)
Show that 
[image: image22.wmf]$

b

 is an unbiased estimator of 

.

(10 marks)

(ii)
Show also that 
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(6 marks)


b)
A manufacturing plant distils liquid air to produce oxygen and nitrogen. The percentage purity of the oxygen is related to the impurities in the air. In order to investigate this relationship, measurements of pollution counts and percentage purity were made on 15 randomly selected days. An analysis of the data is given in the accompanying SPSS output.

i) Comment on the plot.

(3 marks)

ii) Write down the regression equation for the model fitted. Interpret the estimates of its parameters.

(6 marks)

iii) Find a 95% confidence interval for the coefficient of pollution count.

(5 marks)

iv)
Find the predicted percentage purity of the oxygen for a pollution count of 1.54.

  







(3 mark)

SPSS OUTPUT FOR QUESTION 5

Graph
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Regression
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[image: image26.wmf]-4

-2

-3

-1

0.1

1

2

3

P

4

x

0.2

0.3

f(x)

0.5

0.4

0


This table gives the probability P that 

the standardised normal variate 

exceeds the value x 

Thus the probability that x = 0.47 is 

exceeded will  be  P = 0.31918

	x
	0.00 
	0.01 
	0.02 
	0.03 
	0.04 
	0.05 
	0.06 
	0.07 
	0.08 
	0.09 

	
	
	
	
	
	
	
	
	
	
	

	0.0 
	0.50000 
	0.49601 
	0.49202 
	0.48803 
	0.48405 
	0.48006 
	0.47608 
	0.47210 
	0.46812 
	0.46414 

	0.1 
	0.46017 
	0.45620 
	0.45224 
	0.44828 
	0.44433 
	0.44038 
	0.43644 
	0.43251 
	0.42858 
	0.42465 

	0.2 
	0.42074 
	0.41683 
	0.41294 
	0.40905 
	0.40517 
	0.40129 
	0.39743 
	0.39358 
	0.38974 
	0.38591 

	0.3 
	0.38209 
	0.37828 
	0.37448 
	0.37070 
	0.36693 
	0.36317 
	0.35942 
	0.35569 
	0.35197 
	0.34827 

	0.4 
	0.34458 
	0.34090 
	0.33724 
	0.33360 
	0.32997 
	0.32636 
	0.32276 
	0.31918 
	0.31561 
	0.31207 

	
	
	
	
	
	
	
	
	
	
	

	0.5 
	0.30854 
	0.30503 
	0.30153 
	0.29806 
	0.29460 
	0.29116 
	0.28774 
	0.28434 
	0.28096 
	0.27760 

	0.6 
	0.27425 
	0.27093 
	0.26763 
	0.26435 
	0.26109 
	0.25785 
	0.25463 
	0.25143 
	0.24825 
	0.24510 

	0.7 
	0.24196 
	0.23885 
	0.23576 
	0.23270 
	0.22965 
	0.22663 
	0.22363 
	0.22065 
	0.21770 
	0.21476 

	0.8 
	0.21186 
	0.20897 
	0.20611 
	0.20327 
	0.20045 
	0.19766 
	0.19489 
	0.19215 
	0.18943 
	0.18673 

	0.9 
	0.18406 
	0.18141 
	0.17879 
	0.17619 
	0.17361 
	0.17106 
	0.16853 
	0.16602 
	0.16354 
	0.16109 

	
	
	
	
	
	
	
	
	
	
	

	1.0 
	0.15866 
	0.15625 
	0.15386 
	0.15151 
	0.14917 
	0.14686 
	0.14457 
	0.14231 
	0.14007 
	0.13786 

	1.1 
	0.13567 
	0.13350 
	0.13136 
	0.12924 
	0.12714 
	0.12507 
	0.12302 
	0.12100 
	0.11900 
	0.11702 

	1.2 
	0.11507 
	0.11314 
	0.11123 
	0.10935 
	0.10749 
	0.10565 
	0.10383 
	0.10204 
	0.10027 
	0.09853 

	1.3 
	0.09680 
	0.09510 
	0.09342 
	0.09176 
	0.09012 
	0.08851 
	0.08691 
	0.08534 
	0.08379 
	0.08226 

	1.4 
	0.08076 
	0.07927 
	0.07780 
	0.07636 
	0.07493 
	0.07353 
	0.07215 
	0.07078 
	0.06944 
	0.06811 

	
	
	
	
	
	
	
	
	
	
	

	1.5 
	0.06681 
	0.06552 
	0.06426 
	0.06301 
	0.06178 
	0.06057 
	0.05938 
	0.05821 
	0.05705 
	0.05592 

	1.6 
	0.05480 
	0.05370 
	0.05262 
	0.05155 
	0.05050 
	0.04947 
	0.04846 
	0.04746 
	0.04648 
	0.04551 

	1.7 
	0.04457 
	0.04363 
	0.04272 
	0.04182 
	0.04093 
	0.04006 
	0.03920 
	0.03836 
	0.03754 
	0.03673 

	1.8 
	0.03593 
	0.03515 
	0.03438 
	0.03362 
	0.03288 
	0.03216 
	0.03144 
	0.03074 
	0.03005 
	0.02938 

	1.9 
	0.02872 
	0.02807 
	0.02743 
	0.02680 
	0.02619 
	0.02559 
	0.02500 
	0.02442 
	0.02385 
	0.02330 

	
	
	
	
	
	
	
	
	
	
	

	2.0 
	0.02275 
	0.02222 
	0.02169 
	0.02118 
	0.02068 
	0.02018 
	0.01970 
	0.01923 
	0.01876 
	0.01831 

	2.1 
	0.01786 
	0.01743 
	0.01700 
	0.01659 
	0.01618 
	0.01578 
	0.01539 
	0.01500 
	0.01463 
	0.01426 

	2.2 
	0.01390 
	0.01355 
	0.01321 
	0.01287 
	0.01255 
	0.01222 
	0.01191 
	0.01160 
	0.01130 
	0.01101 

	2.3 
	0.01072 
	0.01044 
	0.01017 
	0.00990 
	0.00964 
	0.00939 
	0.00914 
	0.00889 
	0.00866 
	0.00842 

	2.4 
	0.00820 
	0.00798 
	0.00776 
	0.00755 
	0.00734 
	0.00714 
	0.00695 
	0.00676 
	0.00657 
	0.00639 

	
	
	
	
	
	
	
	
	
	
	

	2.5 
	0.00621 
	0.00604 
	0.00587 
	0.00570 
	0.00554 
	0.00539 
	0.00523 
	0.00508 
	0.00494 
	0.00480 

	2.6 
	0.00466 
	0.00453 
	0.00440 
	0.00427 
	0.00415 
	0.00402 
	0.00391 
	0.00379 
	0.00368 
	0.00357 

	2.7 
	0.00347 
	0.00336 
	0.00326 
	0.00317 
	0.00307 
	0.00298 
	0.00289 
	0.00280 
	0.00272 
	0.00264 

	2.8 
	0.00256 
	0.00248 
	0.00240 
	0.00233 
	0.00226 
	0.00219 
	0.00212 
	0.00205 
	0.00199 
	0.00193 

	2.9 
	0.00187 
	0.00181 
	0.00175 
	0.00169 
	0.00164 
	0.00159 
	0.00154 
	0.00149 
	0.00144 
	0.00139 

	
	
	
	
	
	
	
	
	
	
	

	3.0 
	0.00135 
	0.00131 
	0.00126 
	0.00122 
	0.00118 
	0.00114 
	0.00111 
	0.00107 
	0.00104 
	0.00100 

	3.1 
	0.00097 
	0.00094 
	0.00090 
	0.00087 
	0.00084 
	0.00082 
	0.00079 
	0.00076 
	0.00074 
	0.00071 

	3.2 
	0.00069 
	0.00066 
	0.00064 
	0.00062 
	0.00060 
	0.00058 
	0.00056 
	0.00054 
	0.00052 
	0.00050 

	3.3 
	0.00048 
	0.00047 
	0.00045 
	0.00043 
	0.00042 
	0.00040 
	0.00039 
	0.00038 
	0.00036 
	0.00035 

	3.4 
	0.00034 
	0.00032 
	0.00031 
	0.00030 
	0.00029 
	0.00028 
	0.00027 
	0.00026 
	0.00025 
	0.00024 

	
	
	
	
	
	
	
	
	
	
	

	3.5 
	0.00023 
	0.00022 
	0.00022 
	0.00021 
	0.00020 
	0.00019 
	0.00019 
	0.00018 
	0.00017 
	0.00017 

	3.6 
	0.00016 
	0.00015 
	0.00015 
	0.00014 
	0.00014 
	0.00013 
	0.00013 
	0.00012 
	0.00012 
	0.00011 

	3.7 
	0.00011 
	0.00010 
	0.00010 
	0.00010 
	0.00009 
	0.00009 
	0.00008 
	0.00008 
	0.00008 
	0.00008 

	3.8 
	0.00007 
	0.00007 
	0.00007 
	0.00006 
	0.00006 
	0.00006 
	0.00006 
	0.00005 
	0.00005 
	0.00005 

	3.9 
	0.00005 
	0.00005 
	0.00004 
	0.00004 
	0.00004 
	0.00004 
	0.00004 
	0.00004 
	0.00003 
	0.00003 

	
	
	
	
	
	
	
	
	
	
	

	4.0 
	0.00003 
	0.00003 
	0.00003 
	0.00003 
	0.00003 
	0.00003 
	0.00002 
	0.00002 
	0.00002 
	0.00002 

	
	
	
	
	
	
	
	
	
	
	


Percentage points of the t distribution
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The table gives the value of t for n

degrees of freedom and a given 

probability P (the upper tail area

shown) which corresponds to 100P.

Thus for n = 5 at the 1 percent level

t = 3.365.  For a two-tailed test the P column heading should be doubled.

	P=
	0.10 
	0.05 
	0.025 
	0.01 
	0.005 
	0.001 
	0.0005

	
	
	
	
	
	
	
	

	=1  
	3.078 
	6.314 
	12.706 
	31.821 
	63.657 
	318.309 
	636.619 

	2 
	1.886 
	2.920 
	4.303 
	6.965 
	9.925 
	22.327 
	31.599 

	3 
	1.638 
	2.353 
	3.182 
	4.541 
	5.841 
	10.215 
	12.924 

	4 
	1.533 
	2.132 
	2.776 
	3.747 
	4.604 
	7.173 
	8.610 

	5 
	1.476 
	2.015 
	2.571 
	3.365 
	4.032 
	5.893 
	6.869 

	
	
	
	
	
	
	
	

	6 
	1.440 
	1.943 
	2.447 
	3.143 
	3.707 
	5.208 
	5.959 

	7 
	1.415 
	1.895 
	2.365 
	2.998 
	3.499 
	4.785 
	5.408 

	8 
	1.397 
	1.860 
	2.306 
	2.896 
	3.355 
	4.501 
	5.041 

	9 
	1.383 
	1.833 
	2.262 
	2.821 
	3.250 
	4.297 
	4.781 

	10 
	1.372 
	1.812 
	2.228 
	2.764 
	3.169 
	4.144 
	4.587 

	
	
	
	
	
	
	
	

	11 
	1.363 
	1.796 
	2.201 
	2.718 
	3.106 
	4.025 
	4.437 

	12 
	1.356 
	1.782 
	2.179 
	2.681 
	3.055 
	3.930 
	4.318 

	13 
	1.350 
	1.771 
	2.160 
	2.650 
	3.012 
	3.852 
	4.221 

	14 
	1.345 
	1.761 
	2.145 
	2.624 
	2.977 
	3.787 
	4.140 

	15 
	1.341 
	1.753 
	2.131 
	2.602 
	2.947 
	3.733 
	4.073 

	
	
	
	
	
	
	
	

	16 
	1.337 
	1.746 
	2.120 
	2.583 
	2.921 
	3.686 
	4.015 

	17 
	1.333 
	1.740 
	2.110 
	2.567 
	2.898 
	3.646 
	3.965 

	18 
	1.330 
	1.734 
	2.101 
	2.552 
	2.878 
	3.610 
	3.922 

	19 
	1.328 
	1.729 
	2.093 
	2.539 
	2.861 
	3.579 
	3.883 

	20 
	1.325 
	1.725 
	2.086 
	2.528 
	2.845 
	3.552 
	3.850 

	
	
	
	
	
	
	
	

	21 
	1.323 
	1.721 
	2.080 
	2.518 
	2.831 
	3.527 
	3.819 

	22 
	1.321 
	1.717 
	2.074 
	2.508 
	2.819 
	3.505 
	3.792 

	23 
	1.319 
	1.714 
	2.069 
	2.500 
	2.807 
	3.485 
	3.768 

	24 
	1.318 
	1.711 
	2.064 
	2.492 
	2.797 
	3.467 
	3.745 

	25 
	1.316 
	1.708 
	2.060 
	2.485 
	2.787 
	3.450 
	3.725 

	
	
	
	
	
	
	
	

	26 
	1.315 
	1.706 
	2.056 
	2.479 
	2.779 
	3.435 
	3.707 

	27 
	1.314 
	1.703 
	2.052 
	2.473 
	2.771 
	3.421 
	3.690 

	28 
	1.313 
	1.701 
	2.048 
	2.467 
	2.763 
	3.408 
	3.674 

	29 
	1.311 
	1.699 
	2.045 
	2.462 
	2.756 
	3.396 
	3.659 

	30 
	1.310 
	1.697 
	2.042 
	2.457 
	2.750 
	3.385 
	3.646 

	
	
	
	
	
	
	
	

	40 
	1.303 
	1.684 
	2.021 
	2.423 
	2.704 
	3.307 
	3.551 

	60 
	1.296 
	1.671 
	2.000 
	2.390 
	2.660 
	3.232 
	3.460 

	120 
	1.289 
	1.658 
	1.980 
	2.358 
	2.617 
	3.160 
	3.373 

	inf 
	1.282 
	1.645 
	1.960 
	2.326 
	2.576 
	3.091 
	3.291 
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