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Chapter 1

Linear spaces; normed
spaces; first examples

1.1 Linear spaces

or complex numbers R or C. The simplest examples of linear
spaces studied in a course of Linear Algebra are those of the
n—dimensional vector spaces R", C" or the space of polynomials of
degree, say, less than n.
An important example of linear space is the space C|a, b] of con-
tinuous real (or complex) valued functions on the interval [qa, ).
A map A: E — E5 between two linear spaces F; and FEs is called
linear if and only if for every z,y € E; and for every scalar a,b we
have that

(1.1) Aaz + by) = aA(z) + bA(y).

IN THIS course we study linear spaces E over the field of real

For such maps we usually write Az instead of A(z). Moreover, we
define two important sets associated with a linear map A, its kernel
kerA and its image ImA defined by:

(1.2) kerA={z € By : Az =0}
and
(1.3) ImA={Az : =z € E\}.

A linear map A : E; — E5 between two linear spaces F; and FEj is
called isomorphism if kerA = 0 and ImA = E,, that is A is an one to

9



10CHAPTER 1. LINEAR SPACES; NORMED SPACES; FIRST EXAMPLESA

one and onto linear map and consequently it is invertible. We write
A~! for its inverse.
Examples of linear spaces.

1. s* is the set of finite support sequences; that is, the se-
quences with all but finite zero elements. It is a linear space with
respect to addition of sequences and obviously isomorphic to the
space of all polynomials.

2. The set ¢y of sequences tending to zero.

3. The set c of all convergent sequences.

4. The set /., of all bounded sequences.

5. The set s of all sequences.

All of these form linear spaces and they relate in the following
way:
(1.4) s CecgCcCly Cs.

Definition 1.1.1 A linear space F is called a subspace of the linear
space E if and only if E; C E and the linear structure of F restricted
on F, gives the linear structure of E1. We will write 1 — F.

A set of vectors z1,z9,...,z, is called linearly dependent set and
the vectors linearly dependent vectors, if there exist numbers (a;)}"_,
not all of them zero, so that

(1.5) a121 + asxy + ...+ apxy = 0.

On the other hand {z;}}] are called linearly independent if they are
not linearly dependent.

We define the linear span of a subset M of a linear space FE to be
the intersection of all subspaces of F containing M. That is,

(1.6) spanM = ﬂ{Ea : By — Eand M C E,}.

An important theorem of linear algebra states:

Theorem 1.1.2 Let (z;)] be a maximal set of linearly independent
vectors in E (meaning that there is no linear independent extension of
this set). Then the number n is invariant and it is called the dimension
of the space E. We write dimFE = n and we say that the vectors (z;)}
form a basis of E.
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Next we introduce the notion of quotient spaces. For a subspace
E; of E we define a new linear space called the quotient space of
E with respect to E; in the following way. First we consider the
collection of subsets

(1.7) {[x]=z+E; : z € E}.

The sets [z] are called cosets of E. Note that two cosets [z] and
[y] are either identical or they are disjoint sets. Indeed, if z € [z] N [y]
then z—z, z—y are both elements of F;. Since F; is a linear space it
follows that y—z = (z—z)— (2 —y) € E,. Thus, if a € [z] we have a—z €
E; and again by the linear structure of £y, a—y = (a—z) —(y—x) € E;
that is, a € [y]. So, we showed that [z] C [y]. Similarly one shows
that [y] C [a].

Now we introduce a linear structure on E/FE; by

[z] +[y] = [z+y]
[ax] = a[z]

Note that [0] is a zero of the new space £/E;. The dimension dimE/Ei|}
is called the codimension of F; and we write codimpF, = dimE/E; or
simply codimF; if it is obvious to which space F it refers to.

Example: The codimension of ¢, inside the space ¢ of convergent
sequences is equal to 1. Indeed, for every z = (2,)° € ¢, z 4+ o =
a(1 4+ ¢y) where a = lim z,.

Lemma 1.1.3 If dimE/E; = n then there exist z1,z3, . .., z, such that
Jor every = € E there are numbers a1, as,...,a, andy € FE; such that

(1.8) x:Zaixi—i-y.

Proof: Let [z1],[z2],...,[z,] be a basis of F/FE;. Then the vectors
z1,%9,...,T, are linearly independent and moreover if > 7 a;z; € E;
then a; = 0 for all i [Indeed, Y 7 a;z; € E; hence > | a;([z;]) = 0 and
now it follows from the linear independence of the [z;]’s]. Now Vz €
E, consider z + Ey = ) a;([z;]) thatis z € ) a;x; + E1. 0

1.2 Normed spaces; first examples

We now proceed to define the notion of “distance” in a linear space.
This is necessary if one wants to do analysis and study convergence.

The reader should
now try the
exercises 1,2
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Definition 1.2.1 A norm p(z) = ||z|| for z € E is a_function from E to
R satisfying the following properties:

1. p(z) > 0 and p(z) =0 if and only if x = 0.

2. p(rx) = [Np(x).

3. p(z+vy) <plx)+ply) (triangle inequality)
Jorallz,y € E and for all A\ € R (or C if the space is over the field C)

With this definition the distance between two points z and y in
E is the norm of the difference: ||z — y||.

Examples. On the spaces cg, ¢, /-, We define the norm to be the
supremum of the absolute value of the sequences: for z = (a;)°
we set ||z|| = sup|q;| (exercise: check that this supremum defines a
norm).

For the space C|0, 1] we define the norm of a function f to be the
max{|f(z)| : = €[0,1]}. An other example is the space ¢; = (R*>,|-]}1)
which consists of all the sequences z = (z;){° satisfying

(1.9) )y = |ail < oo.
=1

Similarly we define the spaces ¢, = (R*,| - |[,) for 1 < p < oo by
requiring that

[e%¢) 1/10
(1.10) |z, = <Z |xi|p) < 0.
=1

It is already not trivial that these sets (for p > 1) form linear
spaces. In fact, we first prove that the function || - ||, is indeed a
norm and the triangle inequality implies that if z and y are in ¢,
then z + y is also in £,. This follows from the following inequality of
Holder.

1.2.1 Holder inequality.

Theorem 1.2.2 For every sequence of scalars (a;) and (b;) we have:

(111 S| < (lael) " (S pmelr) "

1,1 _
where;—i—a—l.
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Let us first observe a few connections between the numbers p
and g¢:

1
(1.12) —— =qg-—land (p—1)g=p
p—1
In order to prove the above inequality we set ¢; = W and
aj
d; = —% __  Then > =1and ) d] = 1. Now check that

IR
cid; < %cﬁg + %dg. Indeed, this is true because one considers the
function y = zP~! and integrate this with respect to z from zero to
¢i; and integrate with respect to y its inverse = = ypl_l = y?7! from
zero to d;. It is easy to see geometrically, that the sum of these two
integrals always exceeds the product ¢;d; and it equals >c} + Ldf.
Adding up we get

1 1
(1.13) cidi < -+ -=1
D adi <

L=

O

The above inequality is called the Cauchy inequality if p = q¢ =

2. From the inequality of Holder follows the Minkowski inequality
which is the triangle inequality for the spaces ¢} = (R", || - [[,).

1.2.2 Minkowski inequality

Theorem 1.2.3 For every sequence of scalars a = (a;) and b = (b;)
and for 1 < p < oo we have:

(1.14) lla+bll, < llall, + [[b]]-
Proof:
la+bP = Y Ja + by’
<> (lak] + [be))?

S el + 106D ol + D (lal + (o]~ o]
(Z(|Gk| + |bk|)p>1/q ((Z |ak|p)1/p + (Z |bk|p) 1/p>
= (el + 1) " Clally + 01,

for ¢ such that%—i—%:l. O

VAN
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A few topological remarks are due. We say that a sequence (z,)
converges to a point z in the space F if and only if ||z, — z| — 0. An
open ball of radius r > 0 centered at z, is defined to be the set

(1.15) D, (z¢) = {z| ||z — zo|| <}

and a set O is said to be open if and only if for every z € O there
exists r > 0 such that D,(z) C O. A set F is said to be closed if for
every sequence z, € F' that converges to some z € E it follows that
Tz € F.

Lemma 1.2.4 If O is an open set then the set F = O°¢ is closed.
Conversely, if F' is a closed set then the set O = F° is open.

Proof: Let z, € F and z, - = € E. If x € O then for any r > 0
and n large enough, dist(z,,z) < r which implies that for n large
enough, z, € O and not in F. For the converse now, for every z € F°
there exists ¢ > 0 such that D.(z) C O. If not for every decreasing to
zero sequence of ¢, > 0 there exist z, € F and dist(z,,z) < &, which
implies that z,, — = thatis z € F. O

We also note here that the union of open sets is open and the
intersection of closed sets is closed.

We start now discussing some geometric ideas. If two points z
and y are given then the set {\z + (1 — \)y} for 0 < A <1 is the line
segment joining these two points. We also call this set an interval
and we write I[z,y].

Exercise. Check that if z € I[z,y] then ||z —y| = ||z — 2| + ||z — ||
that is, the triangle inequality becomes equality.

Definition 1.2.5 A subset M of a linear space E is called convex if
and only if for every two points z,y € M the interval I[z,y] is con-
tained in M.

It is easy to see (an exercise) that if (M,), is a family of convex
sets then the intersection N,M, is also a convex set. We observe
here that for £ being a linear normed space the set

(1.16) D(E) = {=] [l«]| <1},

called the unit ball of the space F, is a convex (check!) and sym-
metric with respect to the origin (centrally symmetric) set.
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Lemma 1.2.6 If Ey — E, and Ej is closed subspace then E/Ey is a
normed space and for [z] € E/Ey its norm is given by

1.17 = inf ||z —y].
(1.17) llzlll = inf flz -yl

Proof: If ||[z]|| = 0 then there exists a sequence z,, € E such that
z, — x for some z € Ey (Fy is closed) hence [z] = 0. Homogeneity
is easy since Ej is a linear space and finally we prove the triangle
inequality. Since ||[z] + [y]|| = inf.eg, ||z + y + z]|, for every ¢ > 0 we
take z1,29 € Ey so that

(1.18) |z + 21| < ||[z]]| + ¢
and
(1.19) ly + 22|l < |yl +e.

So, for every ¢ > 0 we have that

< x4+ y+ 2z + 2
< lz+ 2 + lly + 2]
< =+ NI+ 26,

[lz] + [y]]]

finishing the proof. O

A weaker notion than that of the norm is the notion of the semi-
norm.

p(z) is a seminorm on a linear space £ if it satisfies the properties
of the norm except that it may be zero for non-zero vectors. So, a
seminorm p satisfies

1. p(0) =0

2. p(Az) = [Ap(a)

3. p(z +y) < p(z) +p(y)

forall z,y € F and all A € R (or O).

It is useful to note here that if p is a seminorm and we set Ej to
be its kernel, that is, Ey = {z € F : p(z) = 0}, then

1. F is a subspace

and

2. p can define a norm on the quotient E/E
Indeed the first is true from the triangle inequality and the second
is true since p(z + y) is independent of y € Ey: p(z + y1) < p(z + y2) +
p(y2 — 1) = p(z + y2) and similarly p(z + y2) < p(z +y1) + p(y1 — y2) =
p(z+y1) (y1,92 € Eo).
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An analogue of the ¢, spaces is provided by the spaces of func-
tions with finite p-norm: We define the space of continuous func-
tions C(y [a,b] so that if f € C)[a,b] then

i = ([ b s ) 7w

We note here that the quantity ||f||, is a seminorm and hence we
have to pass to a quotient space if we want to get a norm. Thus
we pass to quotient as described above (quotient with respect to
the set of zeroes of || - |[,). In this space now we see the following
The reader should  “problem”. It is easily seen that there exist sequences of continuous
now try the  functions f,, and non continuous function f so that the quantity
exercises 3t0 19 ¢ _ f||, converges to zero. So f, is inside the space but converges
to a function “outside” the space of continuous functions. These
spaces are called “incomplete”. In the next section we look into the

complete spaces.

1.3 Completeness; completion
To approach the general picture we need the following definition.

Definition 1.3.1 A normed space X is called complete if and only
if every Cauchy sequence (z,) in X converges to an element z of the
space X.

Examples.

1. It is well known from the standard calculus courses that if
z, is a Cauchy sequence in the space Cla,b] equipped with
the supremum norm (i.e., for every ¢ > 0 there is N(¢) € N
such that sup,c, ) |[zn(t) — zm(t)] < e for all n,m bigger than
N(e) and for all ¢ € [a,b] then there exists a continuous function
z(t) € C[a,b] such that

sup [za(t) — 2(t)] = 0
tela,b]

as n goes to infinity. Thus the space C[qa,b] equipped with the
norm ||z(|oc = supycpq 4 [#()| is @ complete normed space.
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2. The space /; is a complete normed space, since if z" = (z],)m

is a Cauchy sequence with the norm || - || then each sequence
(z)n is a Cauchy sequence and by the completeness of R or
C there exists z,, the limit of (z],) as n tends to infinity. Let

z = (¢m)m Then

k k
2 _ 1 n |2 ni2
D lwaf? = Jim 3T Jeh P < supa” [} < M <o

for some M > 0. Thus z € /, Finally |z" — 2*||; < ¢ for big
n,k so passing to the limit as k£ goes to infinity we get that
lz™ — z||2 < e, consequently z" — 1.

Note, that the same proof (with the obvious modifications) worksj]]

for the ¢, spaces as well.

3. The space ¢y of sequences converging to zero, equipped with
the supremum norm is complete (left as an exercise).

For non complete normed spaces there exists a procedure to “fill
in the gaps” and make them complete.

Theorem 1.3.2 Let E be a normed linear space. There exists a com-
plete normed space E and a linear operator T : E — FE such that (i)
ITz|| = ||z|| (isometry into); (ii) ImT (= TE) is a dense set in E (i.e.
TE = E).

The reader should
now try the exercise
20

[Also, in the sense which we don’t explain now, such a F is unique.EXplalnI

this;

1.3.1 Construction of completion

Let £ be the (linear) space of all Cauchy sequences
(1.20) X =(zi€ E)2,

in F. Introduce a seminorm in the space &: p(X) = lim;_ o ||z,
where X = (z;) is a Cauchy sequence. Note that the limit always
exists. [Indeed, |||z,| — [|zm||| < ||Zn —2Zm| — 0 @as n > m — oo, by the
definition of Cauchy sequences; so {||z,||} is a Cauchy sequence of
numbers and therefore converges.]
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Define N = {X : p(X) = 0}, so that N is the subspace of all
sequences which converge to 0. Then p defines a norm on the
quotient space F = & /N (as explained earlier) by the same for-
mula p(X) = lim;, ||z;|| (for any representative X of an equiva-
lent class x = X + N € £/N. The operator T : E — E is de-
fined by Tx = x (= X + N) where X is the constant sequence
X = (z,z,...,z,...)). (A constant sequence is, of course, a Cauchy
sequence and p(X) = ||z]].)

Now, to prove the theorem, we should prove (a) TF is dense in
E; and (b) F is a complete space.

Proof: (a) Forall ¢ > 0 and X = (z,), there exists N € N such that
|Zn — zm|| < e forn >m > N. Define Y,, € £, Y,, = (xn, Ty, ZTn, .- .)
a constant sequence; i.e. Tx, = Y,. Then the distance the distance
from X to Y, is p(X —Y,) < e. Thus, every X is approximable by
elements of TE.

(b) Let p(X(") — X(m)) —s0asn>m— oo (i.e. X is a Cauchy
sequence in £ and represents a Cauchy sequence in F = &£ /N). Take
en \¢ 0 and z, € E such that p(X(") —Txz,) < &,. Then {z,} is a
Cauchy sequence in E. Indeed, ||z, — x| = p(Txn — Txw) < p(Txy, —
XN pp(X) - X)) 4 p(X™) —Tx,,) — 0asn > m — oo. Then X0 =
(z,) is a Cauchy sequence (so it belongs to £) and X(©) = lim X(™),
Indeed, p(X™ — X% < p(X™ — Tz,) + p(Tz, — X°) = 0. O

(Compare this with the construction of irrational numbers from
rational ones.)

The completion of C;,)[a,b] is called Lyla,b]. Hence, an element
in L,[a,b] is a class of functions, but we will always choose a rep-
resentative of this class and will treat it as an element of the space
Lyla,b]. The most important space for us is Ls[a, b|.

1.4 Exercises

1. Consider the linear space ¢ of double sequences = = (7,)5>_
such that the limits b; = lim,,_, z,, and lim,,_,_, z,, exist. Con-
sider moreover the subspace ¢ of the sequences y = (y,)22_

such that lim, ,++ y, = 0. Find the dimension and a basis of
the space ¢/¢.

2. Consider the linear space ¢* of all sequences z = (z,)2, such
that {z3;44}72, converges for ¢ = 0,1,2. Find the dimension
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10.

11.

12.

13.
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and a basis for the space ¢ /¢.
Let V be an open set. Prove that the set F' = V¢ is closed.
Let F be a closed set. Prove that the set V = F¢ is open.

Let F be a normed linear space and Fy — FE be a closed sub-
space. Then E/E; is a normed linear space with the norm

p([z]) = infyep, |z +y .
Prove that

(@) the union of any family of open sets is open set.
(b) the intersection of any family of closed sets is a closed set.

Prove that a ball is a convex set.

Show that there exists two vectors z and y in the space /.
such that they are linearly independent, |z|| = ||y|| = 1 and
|z +yll = 2.

Prove that if the unit sphere of a normed linear space contains
a line segment, then there exist vectors z and y such that ||z +
yll = llz|| + |ly|l and z,y are linearly independent (a line segment
is a set of the form {Au+ (1 —A)v : 0 <A< 1}).

Prove that if a normed linear space X contains linearly inde-
pendent vectors z and y such that ||z]| = |jy|| = 1, |z + y| =
llz|| + |lyll, then there exists a line segment contained in the
unit sphere of X.

Given the two spheres {z : ||z —yo| = |lyo||} and {z : ||z +yo| =
llyol|} in a normed linear space, how many points can these
spheres have in common?

Find the intersection of the unit ball in C[0, 1] with the following
subspaces:

(@) span{t}
(b) span{l,t}
(c) span{l —t,t}.

Compute the norm of a vector in the factor space ¢/¢; (see
exercise 1).
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14. Prove thatifp > ¢ > 1 then [, C [,.

15. Prove that if p > ¢ > 1 then L,([a, 5]) C L4([a, B]) for every finite
segment [a, (].

16. Prove that for p # ¢ no space L, (0, co) is a subspace of L (0, o).

17. Let p,q,r be numbers such that p,q, > 1 and Il)—i— é —i—% =1. Let
f € Ly(a,b), g € Ly(a,b), h € L,(a,b). Prove that fgh € Li(a,b)
and || fgh [L<I1f lIpll g llgll 2 {l7 -

18. Let 0 < a < f < oo. For which p the function f(z) = -
belongs to L, (0, 00)?

19. (a) Prove that the intersection of the two balls D; = {z :|| & —
z ||[< R} and Dy = {z :|| & — z ||< Rz} in a normed lenear
space is empty iff || & — & [|[< Ry + Rs.

(b) Is the intersection of the two balls D; and D; in the space
Iy empty if B = 1, & = (1,0,0, %, 4,...), Ry = 32%5 and
52 = (07 %7 %7()’ 0,.. )Q

20. Let (™ € ¢p, 2™ B 2 = (2;)2, in the supremum norm. Prove
that = € ¢g.



Chapter 2

Hilbert spaces

2.1 Basic notions; first examples

Let H be a linear space over C with a given complex value function of
two variables (z,y) : H x H — C, which has the following properties:

1. linearity with respect to the first argument:

(21) <a$1+b$2ay> :a<$17y>+b<$27y> ;

2. complex conjugation: (z,y) = (y, z); this implies “semi-linearity”J]
with respect the second argument: (z,ay; + bys) = a{x,y1) +

b <$7 y2>
3. non-negativeness: (z,z) > 0, and (z,z) = 0 ifand only if z = 0.

Such a function is called “inner product”. Consider also the
function p(z) = (x,x)l/Q. (We will see later that p(z) is a norm and
will write p(z) = ||z].)

Examples:

1. In C" let (z,y) = Y7 a;b; where z = (a;)?, y = (b;)7.

2. In b, let {z,y) = ¥ a;b; (by Holder inequality | Y abi] < /S ail” ]
VSTl < o). So, [(z,9)] < 1]l - [yl

s. m ey F€-Write this parenthe-

S1S using integrals, think about functions you know how to

21
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integrate; say, think about the Riemannian integral) let (f, g) =
[P r(t)g(t)dt. Again, |(f,g)| < ||fll2-|lgll2 by the “Cauchy-Schwartz]
inequality, that is, Hélder inequality for p = ¢ = 2.

2.1.1 Cauchy-Schwartz inequality

Theorem 2.1.1 (Cauchy-Schwartz inequality) For all vectors z,y
in a linear space H with inner product (-, -), the following inequality is
true:

(22) | <$7y> | < <$7$>1/2 : <yay>1/2

Proof: Recall our notation p(z) = (z,z)'/2. Then 0 < (z — Ay, z — \y) =}
p(x)?2 — 2Re() (3, 7)) + A 2p(y)2. |

If (z,y) # 0 take \ = ’z?(f;; =0 < —p(x)*+ % which implies
the Cauchy-Schwartz inequality. Moreover | (z,y) | = p(z) -p(y) if and
only if z = \y. O
Exercise: Let (z,y) satisfy all three conditions of the inner product
except that (z,z) may be zero for non-zero elements. Prove that the

Cauchy-Schwartz inequality is still true.

Now we will prove that p(z) = ||z| is a norm. Indeed: p(Az) =
|Alp(z) and the triangle inequality holds:

pz+y)? = (z+y,z+y)
= p(z)> + 2Re(z,y) + p(y)* < [p(z) + p(y)]?,

and because of the Cauchy-Schwartz inequality: |Re (z,y)| < |(z,9)| <l
p(z)p(y). We see that p(z+y) < p(z)+p(y) and we will use ||z|| instead
of p(z).

So, H is a normed space with a norm |/z| defined by the inner
product in H. We call H a Hilbert space if H is a complete normed
space with this norm.

Moreover a general complete normed space X is called a Banach
space.

Exercises:

1. Check that the inner product (z,y) is a continuous function
with respect to both variables: (z,,y,) — (z,y) when z, — =
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and y, — y. [Consider the expression
(z,y) = (@n,yn) = (2,9) = (@, yn) + (€, Yn) — (Zn, Yn)
= {2,y —yn) + (2 — Zn,Yn)
and use the Cauchy-Schwartz inequality.]
Parallelogram Law: ||z + y|* + ||z — ylI* = 2(|lz[* + [ly[*)
Define the notion of orthogonality: =1y if and only if (x,y) = 0.

Pythagorean Theoren: if z Ly then ||z + y||> = ||z]|? + ||y||* (Proof:
(@ +y,z+y) = (2.2) + (@,9) + (.2) + (1,9) = ll=* + [y]1*)

Corollary 2.1.2 If {e;} are pairwise orthogonal and normalized in
H (i.e. |lej]| = 1) then || > 7 aiei|| = (D07 |a1-|2)1/2; moreover,

n
Hm [ ael| = /> Joul?
n—oQ 1

(under the condition e;,e; = 6;;). The completeness of the Hilbert

space gives that if Y 1° a? < oo then the series > :° o e; converges. The reader should
now try the
Indeed || > aseil| = /> |ai|> — 0 as m > n — oc. errcises from 1 to

2.1.2 Bessel’s inequality

Theorem 2.1.3 (Bessel’s inequality) For any orthonormal system
{e;}i>1 C H, and for every x € H we have: 3", | (z., ;) |* < ||z]|?.

Proof: Consider y, = Y.} (z,€;)e;. Then |(yn,z)| < ||lz|| - ||yn| and

lynll = /327 [ (2,5} |°. Hence 377 [ (z,ei) [* < [l - /327 [z, i) |* and
the series converges. O

Corollary 2.1.4 For any = € H and any orthonormal system {e; }$°,
there exists y = 3 .2, (z,¢;) ;. [Indeed, the y, in the previous proof
converge toy as n — oo].

Examples of orthonormal systems:

1. In ¢ consider the vectors {e, = (0,...,0,1,0,...)}>, where the

1 appears in the n-th position.
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2. In Ly[—m, ] consider the vectors {\/%ei"t}zo:_oo;
3. In Ly[—n, ] consider the vectors \/LQ_ﬂ, SV Si\“/f_f, forn=1,2,...

We call a system {z;};>; a complete system in H (or any other
normed space X) if the linear span { > ; a;z; | Vn € N, forallscalars ;1]
is a dense set in H (or, correspondingly, in X).

Remarks. A few known theorems of Calculus state that some
systems of functions are complete in some spaces. The Weierstrass
approximation theorem, for example, states that the system {¢"},>¢
is complete in C]0, 1] (meaning that polynomials are dense in C]0, 1]).
Since C]0,1] is dense in Ls[0,1] (by the definition of Ls[0,1]) and the
convergence f, — f in C[0,1] implies f, — f in L9[0,1] (check it!), it
follows that {t"},>¢ is a complete system in L0, 1] too.

Another version of the Weierstrass theorem states that the trigono-Jj
metric polynomials are dense in the space of the continuous 27-
periodic functions on [—m, 7] (in the C[—=,n]-norm). As a conse-
quence the system {1, cos nz,sinnz}2, is complete in Lo[—n, n]. The
same is true for {e™} .

Lemma 2.1.5 If{f;} is a complete system and z L f;, then x = 0.

Proof: Indeed, =L f; implies z_Lspan(f;), implies that z is orthogo-
nal to a dense set in H and finally implies that there exists z,, — =
and z, lz; this means 0 = (z,,z) — (z,z) = ||z||. So z = 0.

2.1.3 Gram-Schmidt orthogonalization procedure

Algorithm 2.1.6 (Gram-Schmidt) Let {z;}{° be a linearly indepen-

dent system. Consider e; = 1, /||z1||, and inductively, e, = Hi":z"” for
n n
n—1
Yn = 1 <-Tmei> €;.

Then,

1. {e;}$° is an orthonormal system (just check that for m < mn,
(em,en) = 0).

2. span{z;}! = span{e;}] for every n = 1,2,... The proof here is by
induction: if it is true for n — 1 then z, — y, # 0 by the linear
independence of the {z;}. Also obviously, e, € span{z;}} for
k <n;and z, € span{e;}].
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Definition 2.1.7 A normed space X is called a separable space if
there exists a dense countable set in X.

Corollary 2.1.8 The Hilbert space H is separable if and only if there
exists a complete orthonormal system {e; }i>1.

Proof: if H separable then there exists a countable dense sub-
set {y;}X,. Choose inductively a subset {z;};>; such that the set
span{z;};>1 is still dense, and it is linearly independent; now apply
Gram-Schmidt to the system {z;};>;completing the proof of the one
direction. If on the other hand {e;} is complete, then consider all
finite sums > «a;e; with rational coefficients (o;). This is a dense
countable set in H. O

Definition 2.1.9 A sequence {z;}2, is called a basis of a normed
space X if for every x € X there exists a unique series ), a;z; that
converges to . -

Theorem 2.1.10 A complete orthonormal system {e;}2, in H is a
basis in H.

Proof: For every z € H, by the Bessel inequality 2°, |(z,¢e;) |* <
oo. By the corollary 2.1.2 the element y = > .°, (z,¢;) e; € H exists.
This implies (y — z)_Le; for forall ;. By the lemma 2.1.5 we get y = z.
Soz =3, ;(z,e)e. (The uniqueness is obvious: if z = Y 1° ase;,
then (z,e¢;) = a;.)

Corollary 2.1.11 Every separable Hilbert space has an orthonormal
basis. a
2.1.4 Parseval’'s equality

Corollary 2.1.12 (Parseval) Let {¢;},>1 be an orthonormal system.
Then {e;};>1 is a basis in H if and only if forallz € H,

(2.3) Izl =) [z, e |
i>1
Proof:
24 “=7 :ifz= Z(m ei) e = ||z)|* = Z| z,e) |,
i>1 i>1

n

« » . _ 2 2
(2.5) <"tz =) (ze) el = ||z Z|Iez =20,

1
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since we assume that ||z||?> = 3| (z, ;) |2.

Remark 2.1.13 Note that the direction in 2.5 of the statement is true
also for a single x. Precisely, if for some x € H we have that 2.3
is true, then x = ) ,», (z,e;) e;. Therefore, if 2.3 is true for a dense
subset of z’s it already implies that {e;};>1 is a basis.

Theorem 2.1.14 Any two separable infinite dimensional Hilbert spacesj
H, and Hs are isometrically equivalent; meaning that there exists a
linear isomorphism T : Hy — H, such that ||T'z|| = ||z|| and, moreover,
(Tz, Ty)m, = (z,y)u, for every z and y in H;.

Proof: We will build such a T for a given H (in place of H;) and /,
(in place of Hj). Take an orthonormal basis {f;}{° of H. For every
v e H o= Y f)f and |2 = X7 |(z, f;) 2. Let {e;}3° be the
natural basis of 45. Then

o0

(2.6) Tz = (z,fi)ei € Lo

1

Check the isometry!
Examples

1. {-L 75 e} is an orthonormal basis of Ly[—,7].

cosnt sinnt

2. Similarly, { \/12_, €t 2L} is an orthonormal basis of L[, 7).

We will show now one example of use of Parseval’s equality: For
an interval I = [a,b] we denote by Ly(I?) the space of the square
integrable functions of two variables with norm:

2.7) wwﬂuz¢lﬂuumWﬁm.

Let {y;(t)}$° be an orthonormal basis of Ly[a, b]. Then the system
(2.8) {0i()e;(T) = it 7) 151

is an orthonormal basis of Ly([a, b]?)

Proof: Note that the system {1;;} is orthonormal and define a;; =
[ ;2 f(t,7)0i(t)p;(7)dt d7. By “Parseval equality” theorem, it is enoughlj
to prove that

(2.9) //p [fPdtdr =" ag|> VY f € Ly(I?) .
(]
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Let a;(t f 1 f(ET)ps(T @i(7)dt. By the Parseval S equahty is follows
that >° |aj f] |f(t,T) |2d7 Also aij = [, aj(t)pi(t)dt and again by
the Parsevals equality >0, |a;|> = [} a;(t) |2dt Comblmng these

equalities we get:

2.10) ZZj|aij|2:/I;|aj(t)|2dt:/I/I|f(t,7)|2dtd7.

2.2 Projections; decompositions

Let L be a closed subspace of H (we write L — H). Define a projec-
tion of # € H onto L: consider the distance p(z, L) = infycy, ||z — y]|.
If there is y € L such that p(z,L) = |jz — y| (i.e. the infimum is
achieved), then we write y = Prx, the projection of z onto L.

2.2.1 Separable case

Let us consider first a particular case of a separable subspace L
(note that if H is separable then any of its subspaces is separable
(check it!)).

Let {e;}i>1 be an orthonormal basis in L. Takey = 3, (z,e;) ¢; €
L. Clearly z — y 1 L and, because of this, for any z € L: |z —z|?> = ||z —
yl>+lly—z|? (z—yLy—2z). So it follows that inf{||z—z| | z € L} = ||z —y]|
and y = Prz. Moreover such a y is unique.

2.2.2 Uniqueness of the distance from a point to a con-
vex set: the geometric meaning

The general case is more complicated; we start with a more gen-
eral problem. Let M be a convex closed set in H. Denote the dis-
tance of z to the set M with p(xz, M). Then there exists a uniquey € M
such that p(z, M) = ||z — y|| (the distance is achieved at the unique
element y € M): indeed, let y, € M and ||z — y,| = p(z, M) = d. Such
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a sequence exists since d = inf,,cp ||z — m||.

z  Now it is easy to see that {y,} is a Cauchy

sequence. This follows by the parallelogram

vofd o daw: 2|z — yal® + |z — ymll?) = 122 — (yn +

Ym)|I2 + lyn — yml|?2. Since ¥2%t¥n ¢ M (by the

convexity of M), and |z — 23¥n || > 4 we get

lyn — ym|| — 0 as m,,m — oo. Hence there

exists y = limy, € M (because M-closed)

and this y is unique. Indeed, if there ex-

ist two points y and z where the distance is

achieved then we could choose y2, — y and y2,41 — 2z and then the

sequence {y,} would not be Cauchy.

2.2.3 Orthogonal decomposition

Now consider a closed subspace L instead of M. Note that
(2.11) {p(z,L) = p(z,y) for some y € L} < z —yLL.

Indeed, let y € L be such that x —y 1 L; then we proved before that it
gives the distance and it is unique: Vz € L, ||z — 2z||? = ||z — y||> + ||y —
22 > Jlz — 2.

In the opposite direction, if y € L is the projection Pz, consider
any z € Lt [le—y| < [lz— (y+ A2)|> = o —yl2 —2ReA(z 2 1) + APl
Therefore, 2ReA(z,z — y) < |M\?||z||?. Take A =t (2,2 — y), t € R. Then
2t|(z,z — y)|? < t2|(z,7 — y)|?||z]|?, Vt € R; letting t+ — 0 we see that
(z,xz —y) = 0 and hence every z € L is orthogonal to x — .

We summarize what we know in the following statement:

Proposition 2.2.1 For all z € H, there exists a unique y € L such
that + — y|l L and y = Ppx (it gives the distance from z to L). Then
(obviously) = =z —y +y and ||z||* = [z — y[|* + [ly|]*.

Definition 2.2.2 For L — H we set L = {z € H | zLL}. This is
obviously a closed subspace of H.

Theorem 2.2.3 For all L. — H closed subspace of H, L & L+ = H.
This decomposition of H is unique.

Proof: For all z € H and L — H thereexistsaysothatz=z—y+y
with z —y € L+ and y € L (that is, y = Prz). The uniqueness of the
decomposition of H is obvious.
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Corollary 2.2.4 If L is a closed subspace, then (L*Y)* = L (think
why!)

Exercise. Let L; — Ly — H (closed subspaces). Let 2o = Pr,x. Then
Pr,xz = x1 = Pp,z9 (the so-called “Theorem of the three perpendicu-
lars”). [Indeed, define first 1 = Pr 2o, then z — 21 = 2 — 2 + 29 — 21
where £ — 291 Lo and z9 — z71L;. Hence z — z1 L L4.]

Lemma 2.2.5 [f E — H, closed subspace and codimF = 1, then the
subspace E* is 1-dimensional.

Proof: EQE+ = H. If there are two vectors z1, 2o are linearly indepen-
dent in E', then there exist two orthogonal vectors, say y;,ys € E*.
Now if ay; + fy2s = 2 € E = a = = 0 (because (y;,z) = 0); thus
Y; = y; + F are linearly independent in H/F for i = 1,2, a contradic-
tion.

2.3 Linear functionals

2.3.1 Linear functionals in a general linear space

Definition 2.3.1 Let E be a linear space. Linear functionals are
functions

(2.12) f:E — RorC such that f(Ax + py) = Mf(z) + uf(y) -

Note that kerf[= Hf] = {z € E'| f(z) = 0} is a linear subspace.
Examples:

1. In the linear space ¢y consider the functional f defined by
f(z) = > 77 a;bj. where (b;) satisfy Y |bi| < oo, that is, (b;) € ¢;.
It is common to identify the the functional f with the element
(bi) of ¢;.

2. In the linera space ¢, consider the functional f defined by
f(z) =" a;b; where (b;) is in £,. Notice that |f(z)| < > |a;|-|b;i] <
lzlle, - I flle, < oo. The functional f is thus identified with the
element (b;) of £,.

3. In the linear space C[0; 1] consider the functionals

The reader should
now try the
exercises from 9 to
18



30 CHAPTER 2. HILBERT SPACES

(@ F(z)= fol z(t) f(t)dt where f is integrable; note that |f(z)| <
max; [«(t)] [y £ (z)]dt.
(b) da(z) = z(); |da(2)] < [[zflc-

. Re-write this itemus . ., - 1,0, 0.

in Lo[a,b]: (z,y) = [*x(t)y(t)dt].

For a space E denote with E# the space of all linear functionals
on E.

Theorem 2.3.2 Consider f # 0.
1. CodimHy = 1;

2. If kerf = kerg (g is another linear functional) then there exists
A # 0 such that \f = g.

3. Let L — E and codimL = 1. Then there exists f € E# such that
kerf = L.

Proof:

1. Take z/, f(z') # 0; let 2o = 2z'/f(«') and note that f(zg) = 1.
then for every = € E, y = z — f(x)z¢ € kerf, and consequently
z = f(x)xg +y, (y € kerf) and this decomposition is unique.
Hence E/Hy = {\(xzo+ Hy) : A € C} which implies dimE/Hy = 1.

2. Take z = f(z)zo +y and apply g:

(2.13) g(z) = f(2)g(x0) = g = g(x0) - f.

3. dimE/L=1= E/L={\Xy} where Xy = 2o+ L and Vz € FE there
is a unique representation z = Azg + vy, y € L. Define f(z) = A.
Then f(L) =0 and f is a linear functional.
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2.3.2 Bounded linear functionals in normed spaces. The
norm of a functional

Let now X = (E,| -||); we call f € X# a bounded functional if there
exists C such that |f(z)| < C||z| (i.e. f is bounded on bounded sets).
Let X* be a set of all bounded functionals. This is a linear space
[af + g is a bounded linear functional if f and g € X*]. Define a
norm: for f € X*, let |[f|* = sup,,|f(z)|/|lz] [Check that it is a
norm.] So

(2.14) [f @) < AT - fle]l-

(We usually write || f|| instead of ||f]|*.)

Fact: f is a bounded functional if and only if f is a continuous
functional. [* = 7|f(zn) — f(z0)| = [f(zn — z0)| < If]| - lzn — 2ol — 0
as T, — Ig.

“«< 7 Let f(zp) — 0 for z, — 0. If f is not bounded, then for
every n € N there exists z,, ||z,|| = 1 and |f(z,)| > n. But in this case
|f(%~)| > 1, where %= — 0 a contradiction].

Remark: If a linear functional f is continuous at z = 0 then it is
continuous at any z.

Note that if f is continuous then kerf is a closed subspace. [It
is non-trivial and we don’t prove that the inverse is true: if f € X#
and kerf is closed subspace then f is continuous.]

Let us return to the definition of the norm of a linear functional.
Because of the homegenuity of its definition we may use different
normalizations resulting to different expressions for the norm:

@)
I = sup =

= sup{[f(z)] : |lzfl <1}
1

sup —-
fa)=1 ||zl

1
inf y(g)=1 2|’

Let us interpret the last expression. Note that the quantity
infy,)—1 [|lz]| =: py is the distance of the hyperplane {z : f(z) = 1}
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to 0. So the norm |/f| is 1/p;. This
means that the functional f on the
picture has norm less than 1 but the
functional ¢ has norm more than 1.
It also means that a functional has
norm equal to 1 if and only if the hy-
perplane {z : f(z) = 1} “supports”
the unit ball D(X). Note here (an ex-
(2 : g(z) = 1) ercise) that this does not mean that
the supporting hyperplane and the
unit ball D(X) must have a common point (the picture here is mis-
leading because it is drawn in a finite (2-)dimensional space).

2.3.3 Bounded linear functionals in a Hilbert space

We now return to study linear functionals in a Hilbert space. The
following theorem describes the space of all bounded linear func-
tionals on a Hilbert space.

Theorem 2.3.3 (Riesz Representation) For every ¢ € H*, there ex-
ists y € H such that ¢(z) = (z,y). (Any continuous linear function on
a Hilbert space is represented by some element y of the same space
satisfying ¢(z) = (z,y).) Moreover [[¢|* = [ly].

Proof: Let kerg = L, codimL = 1 and since L @ L~ = H, L' is
1-dimensional. So L+ = {)\j} for some ¢ € H, §j # 0; i defines a
linear functional by j(z) = (x,9). Then kerj = {§}* = (L+)* = L. So
kerj = kery. By the theorem 2.3.2 part 2 we get ¢ = Ay (and y = Ay
represents ).

Now, [|yll* = sup,q Kﬁ;}ﬁ)‘ < |ly|| and the equality holds for z = y.

Hence [y = [ly]*. =

2.3.4 An Example of a non-separable Hilbert space:

Let H = span,cp{e™} with (f,9) = limy e o0 [ f(2)g(2) dz. Note
that if A; # Ay then eM! Le*2!, So H has uncountable set of pairwise
orthonormal elements. This implies the non-separability of H.

Note that any continuous function with finite support “repre-
sents” a zero element of H (because (f, f) = 0 for such a function).
So, one should be carefull when describing this space as a space of
functions.
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2.4 Exercises

1.

If L is a linear space, dimL = n (< oo) and {y;}} is a basis of L
then, for z € H, there exists exactly one y = ) | a;y; € L such
that z — y L L. So the system of equations in y (for j =1,,...,n)

(2.15) 0=(z—y,y;) = (z,95) — ¥ ilyi,yy)
1

has a solution, thus g(yi,...,y,) = det|(y;,y;|) # 0 (there is a
geometric sense to this: the absolute value of the determinant
of say 2 vectors is the area of the parallelogram they define)
and it is called the “Gram determinant”. Then we have,

(2.16) di B [g(yl,...,ymx)]lﬂ
: ist(z, L) = | om) ‘
g(yla---yyn)

Let H be an inner product space.

(a) Describe all pairs of vectors z,y for which || z +y ||=]| z |
1yl

(b) Describe all pairs of vectors z,y for which || z +y ||?=| z ||
+llyl?.

. Prove that in an inner product space holds

1 . ) ) )
(wy)=Ue+y > =z -yl +il z+iy|* —ill = —iy ||*).

Let C10, 1] be the vector space of all continuous complex-valued
functions on [0,1]. Introduce a norm || - || on C[0,1] by || ¢ ||=
maxe(oq]|£(¢)|- Show that it is impossible to define an inner
product on C]0, 1] such that the norm it induces is the same as
the given norm.

Let w = (w1, ws, - -), where w; > 0. Define Is(w) to be the set of all
sequences ¢ = (&1, &,...) of complex numbers with >7°, w;[&|? <|]
oc. Define an inner product on ly(w) by (&,n) = > 2, wi&m;.
Show that I»(w) is a Hilbert space.

(a) Find a vector w such that (1, 55, 35,...) € la(w).



34 CHAPTER 2. HILBERT SPACES

(b) Find a vector w such that the set of all £ = (&1,&9,...) with
|§n| < n"is in ly(w).

7. Check that the following sets are closed subspaces of /5:

(a] A= {(éla26175374635657567675 .. ) | Z;.il |§7|2 < OO}
(b) B = {(617056370565507' . ) | Z;)il |§2j_1|2 < OO}
(© C=1{(0,£2,0,£4,0,6,...) | 3252 [€25]* < oo}

8. Prove that if L is a closed subspace of a Hilbert space M, then
(LH)*t =L.

9. Let F be a closed subspace of M and codim F = 1. Prove that
dim E+ = 1.

10. (a) Prove that for any two subspaces of a Hilbert space M:
(L + Lo)t = LN Ly.
(b) Prove that for any two closed subspaces of a Hilbert space
M: (Ly N L)t = L + Ly

11. Let Lo = {¢ € Lo[—a,a]/¢(t) = —p(—t)a.e.}, L = {p € Lo[—a,a]/o(t) =|}
o(—t)a.e.}.

(a) Show that both sets are closed infinite demensional sub-
spaces of Ly[—a,al.

(b) Show that Ly and Ly are orthogonal

(c) Show that Ly is the orthogonal complement of L.

(d) For f € Ly[—a,a], find its projections into Ly and Lg.

(¢) Find the distances from f(t) = t> + ¢ to Ly and to Lg. Find
the distances from any f € Li[—a,a] to Ly and Lg.

12. Find the Fourier coefficients of the following functions:
(@) f(t) =1?
(b) f(t) =t*?
(c) cosat, a € R\ Z (Z is the set of intergers)?

@ 1 0
; >
f(t):{-i, 20
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13.

14.

15.

16.

17.

18.

19.
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(@ f(t) =t
() Use the Parseval equality to prove that > 7, n% =
(@ Find 307, L.

Let f(z) be a differentiable 27-periodic function in [—, 7] with
derivative f'(z) € Ly[—m, 7). Let f, for n € Z be the Fourier coef-
ficients of f(z) in the system {e™?/v/2r}. Prove that >, _, | fa| <

Q.

2

F.

Prove that the system sinnz for n = 1,2,... is complete in
LQ[O,?T].

Prove that the system sin<(2n — 1)x> forn =1,2,... is complete
in LQ[O,W/2].
(a) Prove that the system {1,3.15 ...} is complete in the space
Lo[0,1].
(b) Prove that the system {1,#2,¢*,¢%,...} is complete in the
space Ls[0,1]. Is it complete in the space Lo[—1,1]?

Let z,, = (0,0,...,0,1,2,0,...) where the numbers 1 and 2 appear
in the n and the n + 1 position, and y, = (1,1,...,1,0,0,...)
where the first zero appears at the n + 1 position. Considering
these vectors in /y, prove that for all j € N, y; ¢ Sp{z1,z2,...}.

Let z; = (1,0,0,...), 2 = (a,b,0,...), z3 = (0,a,b,0,...),..., where
la/b] > 1.
(@) Check that sp{zi,zs,...} = f.

(b) Show that any finite system of these vectors is linearly
independent.

(¢) Find a1,as9,... € C such that Z;‘;l a;z; converges to zero.
Let 21 = (1,0,0,...), 2 = (a,b,0,...), z3 = (0,a,b,0,...),..., where
la/b] > 1.

(@) Check that sp{zi,zs,...} = £.

(b) Show that any finite system of these vectors is linearly
independent.

(c) Show that one can not find a1, as, ... € C not all zeros, such
that 3°7° | a;z; converges to zero.
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20.

21.

22.

23.
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Determine which of the following systems are orthogonal bases
in /5 and which are not:

@ (1,2,0,0,...), (0,0,1,2,0,0...), (0,0,0,0,1,2,0,...),...
)

®) (1,-1,0,0,...), (1,1,0,0,...), (0,0,1,—1,0,0,...),
(0,0,1,1,0,0,...), ...

Let H be the Hilbert space which is the complement of
1 1
m={recouisre 1= [ ok [ iro?a)

and let ¢(f) = f(0) for all f € H.

(a) Prove that ¢ € H*.
(b) Find g € M such that (f,g) = ¢(f) for any f € H.

Let H be the Hilbert space which is the complement of
1 1
M ={feCl-11][3f'(t) : |fI* = /llf’(t)IthJr/llf(t)I?dt < oo}

and ¢(f) = f(1/2) for all f € H.

(a) Prove that ¢ € H*.
(b) Find a g € M so that (f,g9) = ¢(f) for any f € H.

Hint: Find ¢ in the form

B t), -1<t<1/2
“”‘{ﬁa» 12<t<1

(@) Is the subspace

M ={z = (z1,29,...) € ¥y : Z%xnzo}
n=1

closed in /5?
(b) Is the subspace

M ={z = (z1,29,...) € ¥y : Zﬁmnzﬂ}
n=1

closed in ¢,?
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(c) Is the subspace M = {z(t) € Ly[0,1] : fol @ dt = 0} closed
in L,[0,1]?

(d) Is the subspace M = {z(t) € Ls[l,00) : flw@dt = 0}
closed in Ly[1,00)?
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Chapter 3

The dual space X*

3.1 Hahn-Banach theorem and its first conse-
quences

We start with the study of the space X* of all bounded linear func-
tionals on a normed space X which we already introduced in section
2.3. Recall that the space X* is equipped with the norm

3.1) 11 = sup @)

and we call this norm the dual norm (i.e., dual to the original norm
of X) and the space X* the dual space (i.e., dual to the space X).
Statement: For any normed space X the dual space X* is al-
ways complete, i.e. a Banach space.
Try this as an exercise now; but it will be proved later in a more
general setting.

Theorem 3.1.1 (Hahn-Banach) Let £ — X be a subspace and f, €
E*. Then there exists an extension f € X* such that f|lg = fo (i.e.
f(z) = fo(z) forz € E) and ||f||x- = || follg~ that is,

sup [f(z)|/l|=]l = sup [fo(2)|/[l=]

0 zeE\{0}

zeX
We will learn in this part of t he course to use this theorem without
proving it. The theorem will be proved in chapter 10 in a more
general setting.

39
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Corollary 3.1.2 1. Forallzy € S(X) = {z € X : ||z| = 1} (the unit
sphere of X), there exists fy € X* such that || fo||x = 1, and
fo(zg) = 1. [Consider the 1-dimensional subspace Ey = {\zq}
and the functional p(Azg) = A. Then |l¢||g; = 1. By the Hahn-
Banach Theorem there exists an extension f, with the desired
properties.]

2. For all zy € X, there exists fy # 0 € X* such that fo(zy) =
1 foll - llzoll- [use (1)]

3. For all 1 € X, for all zo € X such that 1 # x5, there exists
f € X* satisfying f(z1) # f(z2) [use (2) for xo = 1 — z2].

4. X* is a total set, meaning that if f(z) = 0 for every f thus x = 0.

5. Let L. — X be a subspace of a Banach space X, and z € X,
dist(z, L) = d > 0. Then ther exists f € X* such that ||f| = 1,
f(L)=0and f(z) =d.

Proof: First consider L; = span{z, L}, that is
(3.2) Li={X+y|XeRyelL}

Define fo(z(= Az +y)) = A-d. Check the linearity (because z =
Az +y can be written in a unique way); fo(L) = 0 and fy(z) = d. Now
Izl = M- llz + 3 > |Al-d = |fo(2)| = |[follz: < 1. Also there exists
yn € L so that ||z + y,|| — d. Hence d = |fo(z + yn)| < | foll - |1z + ynll —
d-|lfoll = [l foll > 1.

Now consider the extension f of fy with ||f||x- = |[fol[z: (Whose
existence is guaranteed by the Hahn-Banach Theorem). O

Consider for any L — X, L+ = {f € X* | f(L) =0} — X*.

Corollary 3.1.3 Let L be a closed subspace. Then consider L+ — X*
and (LY)* ={z € X | f(z) =0V f € L*}. Then (L*)* = L.

Proof: Clearly L — (L*+)* (just check the definitions).

Now, for every = ¢ L and L closed we have that d(z,L) = d > 0.
By the fifth item above there exists f such that f(L) =0 (i.e. f € L*)
and f(z) # 0. Hence = ¢ (L*)*. O

Proposition 3.1.4 (Biorthogonal system) Let {z;,...,z,} C X bea
linearly independent subset of X. Then, there exists f1,...,f, C X*
such that fz(acj) = (5”
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Proof: Fix ig; let span{X,};+;, = Li,; note that L,, is a closed sub-
space (non-trivial) . z;, ¢ L;,; by the fifth item above there exists
fio € X* such that fio (Lio) =0, fio (mio) =1. O

3.2 Dual Spaces

In section 2.3 we show a few examples that we now revisit using the
terminology of the dual space.
Examples:

1. On the space ¢ of null sequences with the norm ||z|| = max |a;|
we define the linear functional f = (b;) € ¢;. by setting f(z) =
Y- aibi. Then |f(z)| < 3 laibi| < maxi<i<oo |ail- 32 |bi] = ||#lle[.f[le, -
So, [IF* < I lle.-

Now, let f € ¢; define f(e,) = an (e, = (0,...,0,1,0,...) € ¢
where the 1 occures in the n-th position). Take y, = > (signa;)e; |}
[Ynlle, =1t

B3 flleg > flum) =D lail (" €N = [Iflles >[I flle, -
1

Thus 61 = (Co)*.
2. ] = I« (an exercise).

3. For 1 <p<oo, 3 +1 =1we have ({,)* =/,

Again, first check that if f = (b;) € ¢, then f defines a linear
functional on ¢, by the following formula: if z = (a;)

(3.4) fla) =" aibs
1
and
B5) @ <D abil < (D lail)P (3 bl
So || flley < [ f1le,-
Now, let f € £;. Consider f(e,) = ¢,. Take y, = > 7 (signc;) -
|Ci|q_16i.

n 1/p n 1/p
(36) ||yn”gp = (Z |Ci|(q_1)p> = (Z |Ci|q) .

1 1
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n

1Flles - Nlyalle, > 1f ()l = lesl®
1

n 1/p n 1/q n 1/q
67 = (Z |cz-|q) - (Z |cz-|q) — lynlle, - (Z |c2-|q)
1 1 1

thus || flle; > [[(cn)lle, Which gives the inverse inequality. Hence
(¢,)* can be isometrically realized as the space 4.

Similarly L; = L, (1 < p < 00).

3.3 Exercises:

1.
2.

Let F be an n-dimensional normed space, then E is complete.

If E is a finite dimensional subspace of X, then E is a closed
subspace.

Prove that for p > 1, /; =/, where 1/p+1/q = 1, i.e. there exists
a one-to-one correspondence f « y for f € £%, y € ¢, such that

1£lles = Iyl
Prove that /] = /.

(@) Is it true that for all f € X* such that ||f|| = 1 there exists
z € X so that ||z|| =1 and f(z) =1?

(b) What is the answer if X is reflexive?

. Prove that if £ < X then (X/E)* = E+.

. Prove that if F < X then F* = X*/F'.



Chapter 4

Bounded linear operators

(operator) defined on X. T is called bounded if there exists C

such that ||T'z||y < C||z|x forallz € X. If T is bounded, define
IT|| = sup,o | Tz]|/||z||. One may check that this quantity defines a
norm (check it!). We write L(X — Y) for the linear space of bounded
operators with the above norm.

l ET X and Y be Banach spaces, T : X — Y, a linear map

4.1 Completeness of the space of bounded lin-
ear operators

Theorem 4.1.1 Let X be a normed space andY be a complete normed]}
space. Then L(X — Y) is a Banach space (i.e. complete).

Proof: Let {A,}>° , be a Cauchy series in L(X — Y) so
4.1) Ve IN such that Vm,n > N ||4, — A,| <e.

This implies that for every z € X and M,n > N

[An(z) = Am(2)ly 1(An = Am) (2)[ly
”An - Am” : ||$H

<
< el

Therefore: for all z € X, the sequence {A4,(z)}:2, is a Cauchy se-
quence in Y. Since Y is a Banach space, it has a limit we can call

43
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A(z) € Y and thus we define for all z € X, A(z) = lim, o0 An(z). A is
a linear operator and it is also bounded since:

(4.2) [[A(2)]ly < sup [[An(2)|| < |l2]lx - sup [[An]| = [|A]] < sup [|Aq]],
neN neN neN

thus A € L(X — Y). Now we still must show that 4, — A. If we
assume otherwise, that is ||A, — A|| 4 0, then there exist ¢ > 0 and
{An, 132, € {A,}52, such that for every £ € N we have [|4,, — Al >
2e. Therefore for every £k € N, we can choose z; € X such that
llzk|| =1 and ||Ay, (zx) — A(zk)|| > €. Recall that {A4,}22, is a Cauchy
sequence, so we can choose v € N such that for all m,n; > v we
have ||A,, (zx) — An(zx)|| < § and this implies

€

| An, (z1) — A(zg)]|

<
< N Any (mr) — Ap ()l + [[Am (zx) — Az)]]-

Hence for all m > v
(4.3) [ Am (z) — A(zg)[| >

N

contradicting the definition of A (we must have A, (z;) — A(zg)). O

Note (i) A is a bounded operator if and only if A is a continuous
operator (i.e. Az, — Ax — 0 for z,, — x)

(ii) kerA = {z | Az = 0} is a closed subspace.

(iii) Theorem 4.1.1 implies that for any normed space X the dual
space X* is complete. Indeed, take Y to be the field R or C depending
over which field our original space X is).

4.2 Examples of linear operators

1. In CJ0,1] define Af = fol K(t,7)f(r)dr (for a continuous func-
tion K of two variables). A is linear and ||Af|cjo,;) < max|f] -

max, [, |K(t,7)|dr. So ||A|| < max, [, |K(t,7)|dr. In fact one may
show that

1
(4.4) |Al| = m;ax/ |K(t,7)|dr.
0

2. In Ly[0,1] for K(t,7) € Ly([0,1]?), define the operator

K : Lo[0,1] — Ls[0, 1]
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with
1
4.5) Kf= / K(t,7)f(r)dr
0

The function of two variables K (7', 7) is called the kernel (or the
kkernel function) of the operator K. Check (as an exercise) that

(4.6) 1K llop < 1K (&, )l 1212 -

3. For every bounded linear A : H — H operator we have: ||4| =
sup{[(Az, y)| | llz]| <1, |lyll < 1}.

4. Let k(t) be a continuous function on [a,b]. In Ls[a, b] define the
operator A by Af = k(t) - f(t). Then A is a bounded linear
operator and
4.7) |A|l = M = max |k(t)].

a<t<b

5. The shift operator in ¢, defined by: Tz = (0,a4,...,a,,...) for
(an) € ¢y satisfies | Tz|| = ||z|| and ||T|| = 1.

6. Let (aij);5_, be an infinite matrix and K* = Y27%_ |a;|* < oc.
Then the operator A defined in /; by

4.8 A((@)2y) = (ﬁi = i‘”j‘”f

j=1 i=1
is a bounded linear operator. Check that ||A()|le, < K-|[()le,-

7. Let H be a separable Hilbert space and {e;}°; be an orthonor-
mal basis; Let A : H — H be a bounded operator. Then for
z = Y ,5(z,e)e; we have Az = ) (z,e;)Ae;. Moreover Ae; =
> (Aej,ei)e;. Thus Az = 21(2] a;(Aej,e;))e;. Hence, the se-  The reader should
quence («;) maps to (5; = >, j(Aej,eZ-)aj)?il. Consequently, we = now try the
see that the example 6 may not be applicable to the matrix gxermses from 1 to
((Aej. er)).

4.3 Compact operators

A: X =Y is a compact operator if and only if for every bounded se-
quence z, € X the sequence {Az,} has a convergent subsequence.
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4.3.1 Compact sets

In order to be able to work with compact operators we should first
understand well the notion of compact set.

A set K C X is called a compact set if and only if for every se-
quence z, € K there exists a subsequence z,, - = € K (for some
x € K). K is relatively compact (or precompact) if every sequence
z, € K has a Cauchy subsequence z,,. For example, if X is com-
plete and K relatively compact then K is compact.

Example Any bounded set in R” is a relative compact.

We will use the following statement which is standard in the
calculus courses:

Theorem 4.3.1 (Arzela) Let M C Cla,b]; M is relatively compact (in
Cla, b)) if and only if M is

1. uniformely bounded [meaning bounded set in Cla, b]] and

2. equicontinuous: Jwys(e) \, 0 for e — 0 such that if |x1 — 29| < €
then |f(z1) — f(z2) < wum(e) forany f € M.

Note that if F' is any metric precompact space (instead of the interval
[a, b]) then the same theorem is true for M C C(F).

Examples:

1. Let M = {z(t) € Cla,b] | |z(t)] < Cy and |z'(t)| < C2} C Cla,b] (for
some constants C and Cs). Then M is relatively compact (use
Arzela Theorem: |z/(t)] < C» implies the uniform continuity:
% = 2/(0) for t; < 6 < t9, and therefore, |z(t1) — z(t2)| <
Cy - |t1 — ta]).

2. The operator Az = f(f z(7)dr on CJ0,1] is a compact operator.

3. The embedding operator: A : Ci[a,b] — Cla,b], A(z) = z is a
compact operator (z € Cy[a,b] : ||z||c, = max; |z(t)| + max; |2/ (t)]).

4. Let K(t,7) be a continuous function of two variables on [0, 1]2.
Then the operator Kz = fol K(t,7)z(r)dr : C[0,1] — C]0,1] is a
compact operator (check it!). [Weaker conditions imposed on
K (t, ) would give the same result. For example, K (¢,7) may be
piecewise continuous with a few discontinuity curves 7 = ¢ (¢),
ke N]
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To build more examples we need some properties of compact sets
and operators.

Definition 4.3.2 Let A be any metric space and 2 C A. We call 2 an
e-net of A if and only if for all z € A there exists y € 2 such that the
distance from z to y is less than ¢.

Lemma 4.3.3 M is relatively compact if and only if for every e > 0
there exists a finite e-net in M.

Proof: ¢ = 7 assuming that there exists ¢¢ > 0 such that there
is no finite ¢y-net of M, then we can choose 71,29 € M such that
|lz1 — z2|| > €. In this way for every n we can choose z,, € M such
that ||z, — z1]|, |zn — z2|| ... [[£n — Zp-1]] > €¢. Such an z, exists for
every n, otherwise {z1,z9,...,z, 1} is a finite ¢y-net of M. Therefore
no sub-sequence of {z,}>2, is a Cauchy sequence, which means
that M is not pre-compact; a contradiction.

“ <« ” For all Kk € N we take ¢ < ﬁ M has a finite ¢;-net
for every k (by the assumption). Let {z,}°2, € M and consider a
finite 1-net. It divides the sequence between a finite number of
balls around the net’s points. So there is at least one ball which
contains an infinite subsequence from the original sequence. Let

us mark the sub-sequence contained within this ball by {%(11) 1
In a similar way an ¢;-net divides the sequence {a:,(f_l)}g":l between
a finite number of balls and there is one ball which contains an
infinite subsequence of the previously chosen sequence {m,(lkfl)}. Let
us call it {x%k)}g":l.

We know that the ball’s radius is less than ¢, hence for all m,n €
N we have

l2f) — ) < 2 < 1.

The subsequence {x%n)};f:l of {z,}>2, is a Cauchy sequence. In-

deed, for all > 0 we can choose v € N such that % < n and then

4.9) Vm,n>v |zl — 2| <

m

R =

<1

which imples that M is relatively compact.
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4.3.2 The space of compact operators

Proposition 4.3.4 The set K(X) = K(X — X) of compact operators
on X satisfy:

(i) K(X — X) is a linear subspace of L(X — X) (check it!).
(i) K(X) is a two-sided ideal of L(X — X) = L(X).
(iii) K(X) is a closed subspace of L:

Proof: (ii) Let A € K(X — X), B € L(X — X) and {z,}°2, bounded
sequence in X. We want to show that AB,BA € K(X — X).

The operator AB: B is bounded hence {B(z,)} >, is bounded
also. A is compact hence {A(B(X,))}°2; has a converging subse-
quence thus AB is compact.

The operator BA: A is compact hence the sequence {A(z,)} >,
has a converging subsequence {A(zy,)};2,. B is bounded, so it fol-
lows that the sequence {B(A(z,,))}72, is also converging thus BA is

compact.

(iii) Let A, — A (meaning |4, — A|| — 0) and A,, € K. It is enough
to prove that AD(X) (the image of the unit ball) is a precompact.
Thus we have to find for all ¢ > 0 a finite e-net.

For all ¢ > 0 there exists n € N such that |4, — A] < ¢/2 and
Ap,D(X) is a precompact (A, is a compact operator). Then take an
/2 net {z;}V of A,D(X). Check (an exercise) that {z;}) is an e-net
for AD(X). [Additional delicate point to think is that {z;}} may not
be in AD(X); but it is not important.]

4.4 Dual Operators

Let A: X — Y be a bounded operator. Then ¢(Az) = f(z) (x € X;
¢ € Y*) is a linear function on X. Moreover,

(4.10) [f@)] < llelly-- 1Al - [l

Thus f € X*. Hence, we have an operator ¢ — A*p = f; A*:Y* —
X* is linear (obvious) and

[All = sup [[A(z)]ly = sup sup [p(A(z))]
=1 =1 liI=1
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= sup sup [p(A(z))| = sup sup [A"(p)(z)|

lell=1 [z]}=1 lell=1 [z]}=1
(4.11) = sup [|[A%(p)[x- = |47
lell=1

Theorem 4.4.1 A: X — Y is compact implies A* : Y* — X* is com-
pact.

Proof: We show that A*D(Y*) = K C X* is precompact. Indeed,
we use the Arzela Theorem. First “represent” the set A*(D(Y*)) = K
as a set of continuous functions on the precompact set 7' = AD(X).

Let f € A*D(Y*); f(z) = (A*p)(z) for z € D(X) and some ¢ €
D(Y*). Then f(z) € ¢(Az) and ¢ is a (linear) continuous function on
T = AD(X). Moreover,

If1 = fellx= = sup [(A%p1 — A%p2)(x)] = sup |(¢1 — p2)(Az)]
=<1 [|z]|<1
(4.12) = sup|(p1 — ¥2)(¥)|,
yeT

so dist(f1, f2) = [l¢1 — w2ll¢(r)- Thus, we may use Arzela Theorem for
the set of functions {¢ € D(Y*)} on the precompact 7. This set is
bounded (by [|A]}) and equicontinuous: wy(e) = Sup|;, g, <c (21 —
z9)| < ||| - € < e (independent of ¢).

So, A € K(X —Y) (A is a compact operator) implies that A* €
K(Y* - X*) (A* is also a compact operator).

More examples: (i) We call the quantity dim(ImA) the rank of the
operator A and we write rkA =dim(ImA). We say that the operator
A has finite rank if rkA < oo. For an example of an operator of finite
rank consider a finite number of elements y; € Y and f; € X* where
X and Y are Banach spaces and i = 1,2,...,n for some n € N. Define
the operator A by setting Az = Y7 fi(z)y;. This operator has rank no
greater than n and it is a bounded operator since ||A| < >°7 || fill - [lyil]-
Check that its dual operator is A*(-) = > 7 (-)(z;) fi (a “better notation”
for Ais A=) fi ® ;).

Inverse: If A is bounded and rkA = n, i.e. ImA = L, dimL =
n, choose {z;}!" a basis in L and let {z}}7 C X* be a biorthogonal
system (as in the Corollary of the Hahn-Banach Theorem). Then
Az = Y T zi(Az)z; = Y1 (A*z})(z)z;. Let f; = A*z}. We then have,
A=3"fi®x;. (Obviously: |fi| <Al |z}, so f; € X*.) Check that
every bounded operator of finite rank is a compact operator.
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(ii) Consider K (t,7) € Lo(I%) (I = [0,1]) and let

1 1
(4.13) c=|\K(t,T>|\L2uz)=\/ || 1kl
0 0

Define the operator K on Ls[0,1] by Kz = fol K(t,7)z(r)dr. Then K
is a compact operator in L2[0,1] and ||K|lop < C = ||K||f,(r2). Indeed:
first check that || K|lop < [|K||1,(r2); for {;(t)}7°-orthonormal basis in
L,[0, 1], we checked before that {¢;(t)¢;(7)} is an orthonormal basis
in Ly(I%); so K(t,7) = 3 aijpi(t) (7). Let K, = >0, > i1 aijpi(t) i (1) ]
Then ||K, — K||1,>) — 0 as n — oo, therefore, considering the op-
erator

1
(4.14) Knx:/ K, (t,7)z(T)dT,
0

The reader should ~ we also know that || K, — K|lo, — 0 as n = oco. K, is an operator
now try the exercise  of rank < n and this means that K is approximable by finite rank
o operators, which are compact. This implies that the limit operator

K is also compact.

4.5 Different convergences in the space
L(X) of bounded operators

In the space of operators L(X) one may define several notions of
“convergence”. The norm convergence, also called “uniform con-
vergence” is defined by saying that the sequence of operators A,
converges in norm to the operator A and we write (4, = A) if
|An, — A| — 0 as n — oo. L(X) is complete and so if {4,} is a
Cauchy sequence with respect to the norm then it always converges
to a bounded operator.

An other usefull notion is that of the strong convergence: A4, — A
strongly if for all z € X we have A,z — Az. We note here that if the
sequence {A,} is Cauchy in the strong sense, that is for all z € X
the sequence A,z is Cauchy in X, then there exists A € L(X) such
that A4,, — A strongly. The proof of this fact will be given after the
Banach-Steinhaus theorem.

Let us give an example in order to show that norm convergence
and strong convergence do not coincide. Consider the projections
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in Ls[0, 1] defined by

| f@t) fort<ep;
(4.15) Penf = {0 fort > ¢,

It is easy to see that P., — 0 as ¢, — 0,that is P, converges strongly
to zero, but || P., | = 1 and consequently it does not converge in norm
to zero.

Our third notion of convergence is that of the weak convergence:
A, converges weakly to A, and we write A" — A or A, 2 A, if for
all z € X and for all f € X* we have f(A,z) — f(Az).

Again in order to distinguish this notion from that of the strong
convergence, consider the example of the shift operator A in /,. For
this operator we have A” — 0, but ||Az| = ||z|| and so A" does not
converge strongly.

We continue with two other main theorems of functional analysis
(without proof).

Theorem 4.5.1 (Banach (on open map)) Let X,Y be Banach spacesj
and let A : X — Y be a bounded linear operator one-to-one [i.e.
kerA = 0] and onto (meaning ImA = Y'). Then the formally defined
operator A~! : Y — X is bounded.

Theorem 4.5.2 (Banach-Steinhaus) Let A, : X — Y be a _family of
bounded operators so that for every r € X there exists a constant
C(z) such that ||Ayz| < C(z) (i.e. the family is pointwise bounded
or bounded in the “strong” sense). Then there exists C such that
|Aaz|| < C|lz|| meaning that || A,|| < C.

In other words: the strong boundness of a _family implies uniform
boundness.

Examples

1. Let Y = R (or C in the complex case). Let A, be linear func-
tionals f,. We have {|f,(z)| < C(z) for every z € X} implies

{3C - || fall < C}.

2. If {z,} € X and for all f € X*, there exists constant C(f) so
that
(4.16) [f(za)l < C(f)

then there exists constant C independent of f such that ||z,| <
C.
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3. Combining these applications, let 4, € L(X — Y) such that
for all x € X and for all f € Y* there exists constant C(f;x)
such that |f(A.z)| < C(f,z). Then there exists constant C
independent of f and z such that ||A,| < C.

4.6 Invertible Operators

Let A € L(X). We call B(= A~!) the inverse operator if and only
if BA =1d and AB = Id. In the finite dimensional case the notion
of the determinant implies that BA = Id is enough to deduce that
A is invertible and A~! = B. The reason is that detA # 0 leads to
a formula for A~!. In the infinite dimensional case though this is
not the case. One may consider for example the case of the shift
operator in /.

Properties

1. (AB)~! = B~'A~! (meaning that if A and B invertible, then also
AB is invertible and it is computed by the previous formula).

2. If||A|| < 1, then the inverse exists: (I—A) ! =Y"¢° A*. Moreover
I(I-A)~|| <1/(1—]/A])). Indeed, first note that || A*|| < ||A|¥ — 0
ask — oco. Let S, =3¢ A*. Then S,, — B (S,-Cauchy sequence).
Also (I — A)S, =1—-A""' — Tasn — oo and S, (I — A) — I as
n — Q.

3. Let A be an invertible operator and B be such that |[A — B|| <
1/||[A7Y||. Then B is also invertible. Indeed, write B = A[I —
AY(A- B)]. Ais invertible and (I — A~ '(A — B)) is invertible by
2 because ||A7'(A — B)|| < 1. Hence their product is invertible.

4.7 Exercises

1. Let A be an operator on C[0,1] which is given by (Af)(z) =
a(z) f(z) where a(z) is a continuous function on [0,1]. Prove
that A is bounded and compute its norm.

2. Let (wj)j"j:1 be a sequence of complex numbers. Define an oper-
ator D,, on /5 by D,z = (wlml,wgmg, .. ) for z = (Il,IQ, .. ) € V5.
Prove that D,, is bounded if and only if (w;)2, is bounded and
in this case || Dy || = sup; |w;|.
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3. Let /3(Z) be the Hilbert space of all sequences (z;)2__ with

j=—o00

o

> Jw)* < oo

j==o0

and the usual inner product. Define an operator S on /5(Z) by

S(5) 720 = (#j-1) 72 oo

(@) Prove that ||Sz|| = ||z|| for any z € ¢5(Z).

(b) Give a formula and a matrix of representation of the oper-
ators S" for n € Z.

4. Given an infinite matrix (a;;);%_,, where Y 7%, >, |a;;|* < oo,
define A: 1y — [y by A(.’El,IQ, .. ) = (yl,yQ, .. .), where

Z1 n 0o
(az-j) =22 | =1 Y% Jh.e.y; = E Qi Tj.
. : =1

Prove that the operator A is a bounded linear operator on [y
and || A [*< 3572, 372 fag |

5. Let A be an operator on ¢, given by the matrix (a;;)7%—; (With
respect to the standard basis), where for some fixed m,n € N
we have that aj;, =0 for j —k < —m or j — k > n (so that A has
only a finite number of non-zero diagonal entries).

(@) Prove that A is bounded if and only if

n

> suplaj | < oo.

k=—m 7

(b) Prove that

n

IAl < Y suplajl.
k=—m 7

(These kind of matrices are called band matrices.)
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Let H; and H, be Hilbert spaces. Define H = H; & H, to be the
Hilbert space consisting of all pairs (uy,us) with u; € H; and
uy € Hy with

4.17) (ul,UQ) + (Ul + UQ) = (U1 + vy, u9 + UQ)
(4.18] )\(ul,uQ) = ()\ul,)\Q)

and an inner product defined by
((u1,u2), (v1,v2)) = (u1,v1) 1y + (u2,v2) 1,
Given A, € L(H;) and Ay € L(H,) define A on H by the matrix
(A O
=0 4)

i.e. A(uy,uz) = (Ajuy, Asus). Prove that A is in L(H) and that
| Al| = max([|A1]], || Az]])-

7. Which of the following operators K : Lg[a,b] — Ls[a,b] have

10.

finite rank and which do not?

(@) (Kf)(t) =1 =1¢;(t) [24;(s)f(s)ds.
(b) (Kf)(t) = [ o(s)ds.

. Let (wj);?‘;l be a sequence of complex numbers. Define an op-

erator D,, on ly by D,z = (wyz1,wszs,...). Prove that D,, is com-
pact if and only if lim;_,o, w; = 0.

. Let (a;)32, be a sequence of complex numbers with } 2%, |a;| <

oo. Define an operator on [y by the matrix

ay a2 as
az as
a3

A=

Prove that A is compact.

Let T : Ly(—o00,00) = Ly(—00,00) for 1 < p < oo with (Tf)(t) =
f(t+1). Find the operator 7.
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Let D, be as in exercise 2 and let inf |w;| > 0 and sup; |w;| < coc.
Which of the following equalities or inequalities hold for any
w?

@ 1Dul = o O IDull 2 Hhoms (@) 1wl < i I
d) ||D S D 1

Let the operator D,, be as in the previous problem. Prove that
D,, is invertible if and only if inf; |w;| > 0. Give a formula for
D,

Let K be an operator of finite rank on the Hilbert space H. For
¢ € H assume

K¢ =" (¢, di)hi.

i=1
Suppose that ¢; € (span{¢y,...¢,})" for i = 1,2,...,n. Prove
that 7 + AK is invertible for any A and find its inverse.

Let H be a Hilbert sapce and let B.C,D € L(H). On H® =
H & H & H define A by the matrix

Prove that:

(@ AeL(H®);
(b) I — MA is invertible for any A € C and find its inverse.

(The norm of H® is defined by

17l =

3
>l
i=1

forh=(h)},c HoH®H.)
Given A;, € L(H) for j,k = 1,2 define on H® = H® H an

operator A by
A An
A= .
< A Ag )

Prove that A is compact if and only if each Aj;, is compact.
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16. Suppose that A,B € L(H) and AB is compact. Which of the
following statement must be true?
(a) Both A and B are compact.
(b) At least A or B are compact.

17. Let ¢5(Z) be the Hilbert space of all sequences (¢;);°_, that
satisfy 70 |¢;|> < oo and the usual inner product. Define
an operator S on £5(Z) by S(£;)52_ o = (§-1)72 —ac-

(a) Prove that S is invertible. What is it’s inverse?
(b) Give a formula and a matrix of representation of the oper-

ators (S~ 1)" for n € Z.

18. Let u = (ux);2, be a sequence of complex numbers with supy, |ux| <[
1. Prove that the following system of equations has a unique
solution in /4y for any {7} in ¢;. Find the solutions for 7, =

1y p = 1/28L

@ & — prlesr =me, k=1,2,...
(b) ék_/*‘kgkfl = Tk, k:273a
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Spectral theory

A € C is called a regular point of A if and only if there exists
(A — XI)~! as a bounded operator from X +— X The rest A € C
form a set which is called the “Spectrum of A” and we denote it by
o0(A). Thus o(A) C C.
From 4.6 it follows that the set of regular points is open; there-
fore, 0(A) is a closed set.

l ET A : X — X be a bounded operator. A complex number

5.1 Classification of spectrum

The points in the spectrum of an operator A can be categorized as
follows:

(i) The point-spectrum o, is the set of the eigenvalues of the oper-
ator A, thatis A € o, if and only if there exists z € X \ 0 and Az = \z.
In other words ) is an eigenvalue and z is an eigenvector of A, corre-
sponding to the eigenvalue \. This is obviously equivalent to saying
that ker(A — AI) # 0. So, next we assume that ker(A — A\I) = 0, mean-
ing that A — A/ : X — X is one-to-one correspondence between X
and Im(A — AI). By the Theorem of Banach, if Im(A — AI) = X then
there exists the bounded inverse (4 — AI)~'. Such \'s are called
regular.

So, in our classification of o(A4), if A ¢ o,, but A € ¢(A4), we con-
clude that Im(A — \I) # X.

Lemma 5.1.1 Let A: X — X be any bounded operator and \; # \;

57
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fori#£j |?>1 are distinct eigenvalues. Let z; # 0, Ax; = \;x; (eigenvec-
tors of different eigenvalues). Then {z;}}, are linearly independent.

Proof: Let aqz; + Y 5 a;z; = 0. Take a polynomial P()\) such that
P(\1) =1and P(\;) =0 for i > 2. Note that P(A)z; = P(\;)zi (P(\;) is
an eigenvalue of operator P(A)). Appling now P(A) we get

0= qu(A)a:l + Z azP(A)a:Z = o121.

So a; = 0. We repeat the same procedure for the rest of «;’s. O

(ii) The continuous spectrum o, is defined as follows: )\ € o, if and
only if A € 0(A) \ 0,(A) and

Im(A — AI) is dense in X.

Example: On 1,0, 1] define A : Ly]0,1] — Lo[0,1] with Az = t-z(¢).
Then [0,1] = 0.(A) = o(A).

(iif) The residual spectrumis the set 0,(A) = 0(A)\ (0, Uo,) (What-
ever remains). So for A € 0,(A) we have, Im(A — A\I) # X.

Example Consider the shift operator Ae; = ¢;;1 on /5. Trivially,
0 € 0,(A). In fact for all A with [\ < 1, X € 5,(A).

Remark. We agree to write (AI)* for AI or AI. Following the
standard inner product notation, that is (Az,y) = (z, A*y), we must
choose (AI)* to be AI.

5.2 Fredholm Theory of compact operators

We restrict now our attention on infinite dimensional Banach spa-
ces. Let T : X — X be a compact operator. Let 7, denote the
operator T — A\l and Ay = Im7T).

Lemma 5.2.1 Let F; be a closed subspace of F and such that E #
E, — E — X. Then there exists yo € E, ||yo] = 1 and such that the
distance dist(yo, E1) > 3.

Proof: Take any y € E'\ E1; p(y, E1) = a > 0 (such a y exists since
E, is closed). Let zy € E; be such that ||y — z¢|| < 2a. Then y, = Hz:—mgl\
satisfies the statement. Indeed, ||yo| = 1 and if we assume that there
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exists z € F; so that |jyo — z|| < 1 then substituting y, in this last
inequality we get

1
v =20 = 2lly = oll|| < 511y — woll < a,
a contradiction since p(y, F1) = a > 0. O

Corollary 5.2.2 [f dim X = oc, then the identity operator I : X — X
is not compact.

Proof: It is enough to see that the unit ball D(z) = {z | ||z| < 1} is not
a compact set. Consider any family of subspaces Fy — Fy < --- —
E,, — ---where dimF,, = n. They are closed subspaces (because they
are of finite dimension) and by the previous Lemma, there exists a
sequence {y; € E;}, ||ly;|| = 1 such that p(y;, E;_1) > 3. Obviously, {y;}
is not a Cauchy sequence and there is no Cauchy subsequence of it
(why?).

1. For every compact operator 7', 0 € o(7T). Indeed, if not, then
there exists 7! and T~ !T = I is a compact operator (the com-
pact operators form an ideal), which contradicts the previous
corollary. So, next we assume that A\ # 0.

2. For every ¢ > 0, there is only a finite number of linearly in-
dependent eigenvectors corresponding to the eigenvalues J\;,
|Ai] > €. Le. there exists a finite number of \; € g, |\;| > ¢, and
every )\; has finite multiplicity.

Proof: If not, then there exists {z;}{° linearly independent vec-
tors and Tz; = \z;, |\;| > . Consider Ej = span{z;}}¥ ¢ Ep,1.
By the last lemma, take y, € FEy, |yl = 1 and p(yx, Ex_1) >
2. We will show that {Ti—ﬁ} does not contain Cauchy subse-
quences which will mean that 7' is not compact because y /g

is bounded (here we used |\| > ¢).

Indeed: Let y;, = Zlf a;x;. Then Tfl\—’; = akxk—i—zlf_l a/(;}i T; = Yk + 2k
for some 2z, € E; ;. Then, for any k£ > n, we have

Yk Yn
5.1 T=— —T>=—
v

DN | =

= ”yk - (yn — 2k +Zn) ” >
S ——
€Eg 1

(by the choice of {y,}). Thus there is no Cauchy subsequence
of T'(yk/Ak).-
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The structure of o, (the point spectrum) is now clear: it is
at most a sequence )\; converging to 0 and every \; has finite
multiplicity. Next, we will show that no other spectrum exists,
besides A = 0, for a compact operator 7.

. Ay = A) (So, A, is always a closed subspace.)

Let Thz = y: denote £, = {z | Thz = y}. Clearly £, = = + Ej
where Fjy = kerT). We prove first the following lemma:

Lemma 5.2.3 Let o(y) = inf{||z|| | = € Ey}. Then there exists
constant C' independent of y such that a(y) < C|y||.

Proof: By the homogeneity of the inequality we seek, [a(cy) =
ca(y) for ¢ > 0], we can assume that if it is wrong then there
exists y, such that a(y,) = 1 and y, — 0. Let z, be such
that Thz, = y, — 0 and ||z,|| < 2 (because a(y,) = 1, we may
choose z,, to be in norm close to 1). By the compactness of
T there exists a subsequence z,, such that T'z,, — z (and
(T — X\)zp, — 0). So Az, — z; but z,, - 2/\ =z¢ € Ey. Then
clearly z,, — zo € E,, and therefore «(y,,) — 0 which is a
contradiction since we assumed that «a(y,) = 1. O

Now return to the proof of the 3rd statement. Let y, € Ay and
yn — y. Note that {y,} is bounded. By the lemma above there
exists z,, ||z,|| < C such that y, = Thz,(— y). Then there exists
&p, such that Tz, — z which implies z,, - =% = z¢, and
hence Tz — Axg = y. Thus y € A,.

Consider the dual operator 7" which is also compact. Let AT =
ImI% < X*. Then also A} = Aj for any A # 0. It can be also

shown that A} = A} ) (we omit the proof). In fact a stronger
statement will be used later. This is ((A}) Ot = A3.

Ay = X implies kerT) = 0. (or, equivalently, kerT) # 0 = A, #
X).

Proof: If not, then there exists zy € kerT) so that zy # 0. Hence
there exists z1, such that Thzy = z¢ (ImT) is the entire space).
Similarly, for every k, there exists z; such that Thzy = zx_1,
k =1,2,... For such xj, : Tfzy = 29 # 0 but T4 z), = Tz = 0.
Therefore, if Ny = {z | T¥z = 0} = kerT¥, we have Ny 14> Ny.
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By the lemma 5.2.1, there exists yx11 € Ngi1, |lyxl| = 1 and
p(yr+1,Nx) > 3. Then {Ty;} does not contain a convergent
subsequence (contradicting the compactness of 7). Indeed, let

k> n, then z =y, + T\ 4§ — Th%* € N;_,. Therefore

1 Tye — Tynll = [Toayr + Ayx — Tryn — Aynl|
= Ay — (Ayn + Tryr — Tayn)||
1
> Al 5.
2

4*. Similarly AT = X* implies kerT = 0. (Just because T is also a
compact operator.)

5. A§ = kerTX*, and because A, is a closed subspace by (3), Ay #
X = kerTy # 0, and moreover we have Ay = (kerTy)™").
Proof: (Thz, f) = (z,T5f) = 0 if f LA, for every z. Thus T3f = 0
implies Ay — kerT%.

Now, if f € kerT¥ then (Thz, f) = 0 for all z, hence f1ImT).

5*. kerT, = (A}) | (as the above). From this and (3*) it follows that
(5.2) (kerTy)" = A% .

6. kerTX* # 0 & kerT)\, # 0 (use (4),(5) for the one direction and
(4%),(5*) for the other).

7. Also (4) may be inverted: kerT) = 0 implies Ay = X (by (6) and
(5)). Thus we conclude that

(5.3) o(T) = {0;0,}.

The statement (6) above is also called First Theorem of Fredholm
It states that,
(5.4) op(T)\ 0 =0,(T*)\ 0
An interpretation of (5)-(5*) is the Second theorem of Fredholm: whenl}
does the equation (A and y € X are given)

(5.5) Tz — Az = y have a solution z € X?
Answer: Consider the homogeneous part of the dual (adjoint) equa-

tion in X*:
(5.6) T f — \f =0.
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Let {f1,..., fx} be the maximal set of linearly independent solutions
(we know that it may be at most finite). Then, a solution z of (5.5)
exists if and only if f;(y) =0, i=1,...,k. (i.e. y is “orthogonal” to all
the solutions of the homogeneous dual equation). This is equivalent
to (5).

Notes: (i) Think about T' as an integral operator:

b
(5.7) /1 K(t,7)z(t)do — Ax(t) = y(t) .

Also, in the theory of Integral Equations usually instead of A\, we
consider the characteristic numbers y: —pTz+x =y, i.e. u = % and
Wi = AL is a characteristic number if and only if ); is an eigenvalue.
Then A, — 0 corresponds to p; — oc.

(ii) There is also a Third theorem of Fredholm which we will not
study: dimker T = dimker 7.

It may happen that ¢(7T") = {0} in which case there are no char-
acteristic numbers at all.

Example: The Volterra operator. Let X = C[0,1] and K(¢,7) be a
continuous function. Consider

t
(5.8) o /0 K(t,7)a(r)dr) = y(t)

We will show that this equation has a solution for every y € C[0, 1],
which means that 1 ¢ 0, (but any other A # 0 may be in o). Let

maxy  |K (t,7)] < C and max; |y(t)| < Cy. Write @, = y+ [i K(t,7)zn_1(T)dT}

(and zo(7) = 0). Then, by induction, we assume that |z, — z,_;| <
C1(Ct)" 1/(n —1)! and we have

t
(nss — o] < / K (t,7)] - | — 2nr|dr
0
t n

-1

.
< nf 1
< CC /0 (n—l)!dT

(5.9) = C’lC"t—|.
n!

Thus, z, is a convergent sequence in C[0,1]. Indeed, z, = Y ] (z; —
zr_1). Thus |z,(t)| < C1e! so z, — x € C[0,1] which is a solution of
the equation.
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5.3 Exercises

1.

Find the spectrum of the operator D,, in ¢, which is defined by
Dyx = (w11, wexs, . ..) for z = (x1,x9,...).

Find the spectrum of the operator A in Ly[—1, 1] which is given
by (Af)(t) = a(t)f(t), where

() = t, for0<¢<1
@)= 0, for —1<t<1.

Let A € L(X) be an invertible operator. Prove that o(A™!) =
7 A ea(A)).

Let A € L(X), A € C, and assume that there exists a sequence
{z,}5,; € X such that ||z,| = 1 and Az, — Az, — 0 as n — oc.
Prove that \ € o(A).

Let Cr be the space of functions z(¢) continuous and bounded
on all of the line (—oo, c0) with norm ||z|| = sup;cg |z(¢)|. On the
space Cr we define the operator A by (Az)(t) = z(t + s) where
s € R is a constant. Prove that o(A) = {A € C | |A| = 1}.

Find in C[0,7/2] or L,[0,7/2] —for 1 < p < oco— the solution of
the equation (which will depend on ))

/2
f(z) = A / cos(z — y)f (y)dy.

Decide if there exists a solution in L,[0,7/2] for 1 < p < oo, of
the equation

w/2
f(z) - A /0 cos(z — y) f(y)dy = 1.

Let A be an invertible operator, and K be a compact operator
in a Banach space. Prove that

(@) dimker(A + K) < oc;
(b) codimIm(A + K) < co.
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11.

12.
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. For what g € C[0, 7] the integral equation

f@%jézm@+yVWMy=mm

has a solution in the space C|0, 7]?

For what A € R the equation

b
F(z) - /\/ e f(y)dy =1

has a solution in the space L,[a,b], for 1 < p < co?

Prove that for a compact operator 7' the following holds:

codimA) = dimKer(7T™ — AI).

Let S, and S; be the right shift and left shift respectively on 45,
ie.

ST($1,$2, .. ) == (0,.’E1,I2, .. .),

Sl(.’El,.’EQ, ‘e ) = (xg,xg, .. )
Find the spectrum of these operators.

Define the operator K : Ls[0, 1] — Ls[0, 1] by

1
Mﬂm=AMWN@%

where
1, s<t

k(t’s):{o s> t.

Find the spectrum of K.
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Self adjoint compact
operators

We call a bounded operator A : H — H a self-adjoint or symmetric
operator if and only if for every z,y in H we have (Az,y) = (z, Ay).
We start with a few general properties of such operators.

6.1 General Properties

We present here the main properties of the self-adjoint operators.

1. The spectrum o, of a self-adjoint operator A satisfies o, C R.
Indeed, let A € 0, and Az = Az (z # 0). Then

(6.1) Mzl = (Az, z) = (z, Az) = X|z|> = A =\,

2. If \ 75 A9, A1, Ag € Op and Az1 = Mx1, Azo = \oxo then z1 Lzo.

Indeed, >\1 <.’,131,.’,132> = <AI1,I2> = <$1,A$2> = Xg <I1,.’E2> ; but )\1
are distinct reals, thus (z1,z2) = 0.

3. A subspace L of H is called invariant with respect to A if and
only if A(L) C L. For a symmetric operator A, if L is invariant
then L is also an invariant subspace.

Indeed, consider y € L+, x € L. Then Az € L and we get:
(6.2) (Az,y) = 0= (2, Ay) =0 Vz €L,

which means Ay € L*.

65
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4. If A and B are symmetric and AB = BA then AB is symmetric

[exercise].

‘<ﬁlj‘i"§>|. Then if A is a symmetric operator we

Define C = sup,
have C = ||4]|.
Proof: Using the Cauchy-Schwartz inequality

(6.3) | (Az, 2) | < [|Azlllz]l < [|A]llz]?,

hence |<ﬁfﬁ§>| < ||A]| for all z # 0 and consequently C' < ||A|

which proves the easy inequality. Now we must show the re-
verse. Note first that

Using the triangle inequality we get
(6.3)(Az,y) + (Ay, z) | < [{(A(z +y),z +y) [+ [(Alz —y),z —y)|

It follows from the definition of C' (and the Parallelogram Law)
that

s

1
[{Az.y) + (g, Az} | < SC(lz+yll” + = = yll”)
= C(lll” +llyl?) -
e

Now let z be (any) vector with |[z|| = 1 and y = AiH (the case

Ax = 0 does not give the “sup” hence we may assume that
Az # 0). Then |ly|| =1 and

(Az, Az)  (Az, Az)
[ Az]| [ Az]|

for all z € H with ||z| = 1.

This means || 4| < C. O

(6.6) <20 = ||Az| < C

(Az,z) € R for any = € H if and only if A is symmetric.
Proof: “<” is obvious;
“=” we use a standard —but important— trick: we express a

bilinear form through the “correct” combination of quadratic
forms:

(A(z +y),z+y) — (Alz—y),z—y)
i (A(x +1iy),z + iy) —i (A(z — iy), z — iy)
(6.7) = 4(Az,y)
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(use (6.4) to simplify the checking of this indentity).

Changing the positions of =z and y and taking complex con-
jugate the left side will not change (this should be carefully
checked), but the right side becomes 4 (z, Ay), which means
that (Az,y) = (z, Ay). O

7. Let p = sup|,=1{| (Az,z) [}. Then either y or —p € o(4).

Proof: Take z,, ||z,|| = 1, and | (Azy, z,,) | — ||A|| (= 1) (by 5.). Let
(Az,,z,) — A (it may be necessary to pass to a subsequence).
Clearly A\ = . Now 0 < ||Az, — Az, ||? = ||Az,||? — 2\ (Azp, ) +
N||z,]l? < 202 — 20\ (A, 7,) — 0 as n — oo. Therefore, the
inverse operator (A— AI) ! cannot exist and be bounded which
means A € o(A).

Remark 6.1.1 If A is in addition a compact operator, then there
exists a subsequence Azx,, that converges, say to yq. This im-
plies {Az,, — A\z,, — 0} that the limit limz,, = zo (= yo/)) ex-
ists. So, x( is an eigenvector and X\ is an eigenvalue. It also
means that there exists a maximum max,—; | (Az,r)| and it is
achieved on an eigenvector. Also as a consequence, if a sym-
metric compact operator A is not identically zero then it has a
non-zero eigenvalue Xy # 0.

Theorem 6.1.2 (First Hilbert-Schmidt theorem) For every compact]
symmetric operator T : H — H, T # 0, there exists a set of eigenval-
ues {\,}n>1 € R such that [Ai| > ... > |A,| > |Apq1] > ... (converging
to zero if this sequence is infinite) and an orthonormal system {e, },>1
of eigenvectors: Te, = A\, e, such that

1.VzeH, z=y+)> 5, (z,¢e)e; wherey € kerT ,

2.Te=) -1 (Tz,en)epand Vz e ImT : 2 =) o, (z,en)en

Proof: We will build {e,} by induction. First define e¢; as in the
remark above (maxj; =1 | (A7, z) | = | (Ae1,e1) | and e; is an eigenvec-
tor of an eigenvalue A;, |\ = ||4]] = max|(Az,z)|). Let {e;}} be
defined (Te; = Xjej, | A1 > |Ao] > ... > |\s|). Let E, = span{e;}7.
E, is invariant subspace of T and therefore E; is an invariant
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subspace of T as well. Of course T is symmetric on every invari-
ant subspace as well, and in particular on E;-. Therefore, a,; =
sup{[(Tz,z) | | [lz] = 1,(z,ei) = 0,4 = L...,n} = [Aopa| & T2
Therefoe if a,,1 # 0 by the same remark there exists e, € FE;,
Teni1 = Apyient1. Of course if a,.1 = 0 then T|E# = 0 and we stop
our induction. Consider z,, = > | (z,¢;)e;. Then 2" = z — 1z, € E,f
Thus, |T2"]] < apt1]z™|| — 0 as n — oc, because we know that
[Ant1]l = ant1 — 0 (n = o0), and ||z"|| < ||z||; this is under the as-
sumption that there is an infinite sequence of A, # 0; and if not,
then, after a finite number of steps, \,.; = 0 meaning T'|,. = 0.
Therefore z — ), -, (z,e;)Te; € kerT. This proves the first item.’

To prove the second item apply the operator T to the equality in
(1) and use that Ty = 0 and the symmetry of 7"

Tr = Z (z,e;)Te; = Z Xi (Pz,e;)e; = Z (z, Nie;) e

n>1 n>1 i>1

= Z <.I, Tei) €;
= Z (T'z,e;) e;.

Finally, {e;};>1 is an orthogonal basis in the span{e;},>1 = L and
ImT < L implies ImT < L (in fact ImT = L). Then we know from the
general theory (theorem 2.1.10) that {e;} is a basis for ImT. O

Exercise: If T is symmetric then ker7 LImT'.

Corollary 6.1.3 Let H be a separable Hilbert space. Then there ex-
ists an orthonormal basis of eigenvectors {nj}X .

Proof: Indeed, H = kerT @ ImT and so only the case kerT # 0
should be added to (2). Consider the orthonormal basis {e;};>1 of
ImT we built above. Add to it any orthonormal basis of kerT, say
{fi}. Note that T'f; = 0- f; = 0 and so f; is an eigenvector of eigenvalue
A=0. O

Corollary 6.1.4 Let (Tz,z) = Y .o \i| (z,e;) [>. We will separate in
this expression the positive and negative eigenvalues, and we denote
by e;’ the eigenvector corresponding to the positive eigenvalue )\;’.
Similarly, for the negative eigenvalue and the corresponding eigen-
vectore; .

(6.8) Z)\;"|<x,e;'>|2+z>\i_|<:E,ei_>|2 = (Tz,z).
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(of course, if there is no, say, negative \;’s, then the second sum
does not exist). Let A} > A\J >...and \] <)\ <...

Corollary 6.1.5 Let H be an infinite dimensional Hilbert space. As
a consequence of the last corollary we have:
(6.9) max (T'z,z) = A\{ and min (Tz,z) = \|

llzf|=1 llzf]=1
(or = 0, if there is no negative \;’s; similarly, if there is no positive
Ai’s, max(Txz,z) = 0. We use here that \; — 0 as i — oo or becomes
zero after some i). Since by Bessel inequality ||z||> > Y, [(z, €:)|* we
get B
(6.10) A lllell? < (T, 2) < Af[lz)%
under the assumption that both positive and negative eigenvalues
exist, or otherwise put zero on the corresponding side. So, (Tz,z) > 0
Jor every z € H if and only if there are no negative eigenvalues.

Corollary 6.1.6 (Minimax principle) (of Fisher; in the finite dimen-
sional case; of Hilbert Courant, in the infinite dimensional Hilbert
space.) Let A\, | > 0 (meaning that there exist at least (n + 1) positive
eigenvalues). Then

(6.11) )\7";_1_1: min }(p(arl,...,a:n)
T1yee Ty
where
(6.12) (L1, ) = ||Shlp {{Tz,z) |z € (span{xi}?)L}
z||l=1

(A similar formula can be written for \; .)

Proof: We know by corollary 6.1.5 that A | = max{(Tz,z),zLe;,i =|]
1,...,n}. Thus, if we will prove that ¢(z1,...,z,) > A}, (for any
(z;)1), this will imply that ming = A}, .

Let us show that there exists yLl(z1,...,z,), |ly|| = 1 and y €

span{e; )71, Indeed, find y = 37" ase; such that 0 = (y,x;)
"*1a;(ef,x;). This is a system of n-equations with (n + 1) un-

knowns {a;}. Hence, there is a non-zero solution y. We may nor-
malize it so that }_ |a;]? = 1. Thus we built such a y. Then

<P($17--- amn) 2 (Tyay)

= Z a;iaj(Te;, e;')
n+1

= > Mlail> > \f,
1
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O
Theorem 6.1.7 (Hilbert-Schmidt, on symmetric kernels)
Let H = Lsla,b]. Consider the operator
b
(6.13) Kz = / K(s,t)z(t)dt

where K(s,t) € Ly(I?), I = [a,b] and K = K* (meaning, K(s,t) =
K(t,s)). Let {e;i(t)} be all orthonormal eigenvectors of K from the
above theorem of Hilbert-Schmidt and Ke; = \;e;. Then:

(6.14) K(s,t) = Xei(s)ei(t)

i>1

(the convergence of the series and the equality is understood in the
sense of Ly(I?)). As a consequence

b b
(6.15) ZA?:/ / |K (s,t))?ds dt.

Proof: Let n;(s,t) = e;(s)e;(t). Then {n;} is an orthonormal system in
Ly(I?%). Hence there exists a function

(6.16) P(s,t) = Z( 3 7i) L. (12) ZAﬂh

i>1

and |[¢llz, 12y = \/> A7. Indeed,

b b [
©17) Kl = [ [ KlsoaGads

(6.18) = /ab (/abK(s,t)ei(t)dt) ei(s)ds

(6.19) = <K6i76i>L2(1) =\ (e, €;) = N\

Take z(t),z(t) € Lo(I). By the first Hilbert-Schmidt theorem we
know that Kz = Y (Kz,¢;)e;. Then on one hand:

6.20) (Kz,z) / / K (s, )2(t)e(s)dtds = (K. a(s)2(0)) ,

L2(12)

and on the other hand,

(6.21) (Kz,z) = <Z(Kz €;)ei, T > ZA z,e;) (e, x
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This can be written in the Ly(I?) scalar product as:

(6.22) > X (00 Z) 1y 12y = (6592 1, 12 -
Consequently, for every function z(s) and z(¢) in Lo(I) we have
(6.23) (¢, 2Z) = (K, xZ)

or equivalently
(6.24) (¢ — K,zz) = 0.

Note that set {z(s)z(t) : z € Ly(I?), z € Ly(I?)} is complete in Ly(1?)
[why?]. Therefore ¢ — K = 0 (in the sense of Ly(1?)). O

Remark 6.1.8 The integral operators defined by the kernel functions
K (t,s) from Ly(I?) lead to a very small subclass of compact symmetric
operators. Their set of eigenvalues must tend to zero so quickly that
Y>> A? < co. For example there is no such operator with eigenvalues

M = 1/y/m.

Remark 6.1.9 Note that if K(z,t) is a continuous function then it is
easy to check (check it!) that the eigenvectors ¢;(t) are continuous.

Theorem 6.1.10 (Mercer) Let K(s,t) be continuous and \; > 0 (no
negative eigenvalues, which means (Kz,z) > 0 Vxz.) Then K(s,t) =

Y oi>1 Aiei(s)ei(t) and this series converges absolutely and uniformly.

We omit the proof.O

Corollary 6.1.11 Under the above conditions: Y A\, = f(fK (t,t)dt
and K (t,t) > 0.

Indeed, by Mercer’s theorem K (t,1) = Y \i|e;(t)|?. Recalling that
b
(6.25) / e (1) [2dt = 1.

and integrating both sides we get: > \; = fab K(t,t)dt
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6.2 Exercises

1. Let A be in L(H), where H is a Hilbert space. Define on H(?) =
H & H the operator B by

0 A
B‘(—Z'A* 0 )

Prove that || A|| = || B|| and that B is itself adjoint.

2. Let x and ¢ be given vectors in a Hilbert space H. When does
there exist a selfadjoint operator A on L(H) such that Ay = ¢?
When is A of rank 1?

3. The operator K : L0, 1] — Ls|0, 1] is given by

1
Mﬂ@zAMmﬁ®m

where £(t,s) = min{t,s} for 0 <t¢,s < 1.

(@) Prove that K is a compact self adjoint operator.
(b) Find the spectrum of K.
(c) Find ||K||.

(d) Prove that K is positive and find the sum of it’s eigenval-
ues.

4. The same as in the previous exercise for the case
1—t, 0<s<t<l1
k“”*‘{l—& 0<t<s<l.

5. The operator K : Ls[0, 1] — L9[0, 1] is given by

1
Mﬂ@zAMmﬁ®m

where k(t,s) = max{t,s} for 0 <+¢,s <1.

(@) Prove that K is a compact self adjoint operator.
(b) Find the spectrum of K.
(¢) Is K a positive operator?



Chapter 7

Self-adjoint bounded
operators

7.1 Order in the space of symmetric operators

Definition 7.1.1 An operator A is called non-negative (and we write
A >0)ifand only if (Az,z) > 0 for all x € H. This of course implies
that A is symmetric by the sixth propert of section 6.1. Also A < B
means that

1. both A and B are symmetric

2.B-A>0

7.1.1 Properties

1. —I < A< implies ||A|| < 1. Indeed, the inequalities mean that
A is symmetric and supj,<; | (Az,z)| < 1. Now use the fifth
property of section 6.1).

2. A>0and A <0 A =0 (again by property 5 of section 6.1).

3. Let A > 0. Then |(Az,y)|*> < /(Az,z) - \/(Ay,y) (this follows
from the fact that (x,y) = (Az,y) is a quasi-inner product and
by the Cauchy-Schwartz inequality for such products (see the
exercise immediately after the theorem 2.1.1).

4. If C is symmetric and A < Bthen A+ C < B+ C.

73
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5. If A is symmetric then A?" > 0. Indeed,
(7.1) (A3, 1) = (A"z, A"z) = || A"z > 0.
If A >0 then also A>"*! > 0 because
(7.2) <A2n+1$,x> = (AA"z, A"zx) > 0.

It follows that for any polynomial P()\) with nonnegative coeffi-
cients P(A) > 0.

Theorem 7.1.2 (On the convergence of monotone sequences of operators) [
Let Ag < A1 <...< A, ... < A. Then there exists a strong limit of (A)n
(i.e. there exists a bounded operator B and A,z — Bz forall x € H).

Proof: For every symmetric operator A there is a number C such
that A < C - 1. So, changing the sequence to 0 < (A, — Ag)/Cy1 < I
(where C} is such that A — Ay < Cy - I) we can assume, without loss
of generality that our original sequence already satisfies

(7.3) 0<A,<I.

For n > m define A,,, = A, — A, > 0. Also || Ann|| < 1 since
0 < A, < I. Then using the inequality of propert 3 above it follows
that for any z and y = A,,,« we have

(7.4) Az — Aan2 = [{Amnz, Apn) |
(7.5) < [{Amnz,z) |- |27,

again because || A, 2| < ||z]| and ||42,,z| < |/z|. Thus,
(7.6) [ Ame — Apzl|” < [{Apz, 2) — (Amz,2) | - ||z]|* — 0

as n > m — oo for all z € H because the sequence (A4,z,z) is mono-
tone, increasing and bounded, and therefore it converges.

Hence, {4,z} is a Cauchy sequence and the limit lim 4,z =: Az
exists. Obviously Az depends linearly on z. Also 0 < (A,z,z) <
(z,z) so it follows that 0 < (Az,z) < ||z]|> which implies that A is a
bounded operator.
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Proposition 7.1.3 (The Main Proposition) Let A be such that
(7.7) m-I<A<M-I

Jor some m, M € R and let P be a polynomial satisfying P(z) > 0 for
all z € [m, M]. Then P(A) > 0.

The main point in the proof of this proposition is the following
lemma:

Lemma 7.1.4 I[fA>0, B> 0and AB = BA, then AB > 0.

This is nontrivial; the symmetry of AB is trivial, but not the
positiveness. This lemma follows immediately from the next one.

Lemma 7.1.5 Let A > 0. Then there exists an operator X (and it is
unique) such that X? = A and X > 0. We write VA for X. Moreover,
V B such that AB = BA it is also true that v AB = BV/A.

Note that the lemma 7.1.5 implies the lemma 7.1.4. Indeed,
(7.8) (VAVABz,z) = (BVAz,VAz) > 0.

Proof of Lemma 7.1.5. We want to find X > 0 such that X? = A.
We may assume that 0 < A< I. Let B=I—-AandY =1 — X. Then
A=1-B,X=1-Y,0< B <1 and the equation to be solved is
(I-Y)?=1-2Y+Y?2=1-B,ie Y = 3(B+Y?). We solve it by
approximating its solution through the sequence Y,;:

1
(7.9) Yo =5(B+ Y?) and Yy=0.

We can see by induction on n that:

(@ Y, > 0 and Y, is a polynomial with non-negative coefficients
of B for all n € N (this is straightforward).

(b) Y, <I. Indeed, Y,, 1 <I =Y, <Ibecause B<IandY? <
I. We must explain the last fact: it follows from the inequalities
0<Y, 1 <Ithat|Y, 1] <1.Then (Y2 z,z) = (Y, _17,Y,_12) < |2

(c) Statement: Y, 1 — Y, = 1(V;2- Y2 ) = 3(Y, + Yoo 1) (Yo — Y1)
(we use here that V,,Y,,_1 = Y,,_1Y,, because they are ((by (a)) polyno-
mials of the same operator B). Now, Y; — Y, = %B, and assuming
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by induction that Y,, — Y,,_; is a polynomial of B with nonnegative
coefficients we derive the same conclusion for Y11 — Y. So, by in-
duction, Y, ;1 — Y, is a polynomial of B with nonnegative coefficients
and as a result

(7.10) Yny1 =Y, >0 (for every n =0,1,...).

Hence, by theorem 7.1.2, Y,, — Y, for some operator Y, (strongly).
Clearly, Yoo = (B + Y2) meaning that X = I — Y is VA. Also
0 <Yy < I implies X > 0. X is a (strong) limit of polynomials of B
(and also of A); therefore for all C such that AC = CA we have

(7.11) P(A)C = CP(A) = XC = CX.
Corollary 7.1.6 . If A > 0 and (Az,z) =0 then Az =0

Proof: Indeed taking X = v/A we have (X?z,z) = 0 implies (Xz, Xz) =
0 and this implies Xz = 0. Thus Az = 0. O

We do not need the fact that the positive square root of A is
unique in the proof of lemma 7.1.4. However as a usefull exercise
let us show it. If X; > 0 and X? = A, then X; = X. Indeed:

(i) XlA = X% = AX1 = XX =X X
(i) fy=(X-X)z=0=(X+X1)y,y) = (Xy,y) +(X1y,y) = Xy =
—_——— ~—

>0 >0
Dand X1y =0=X2=XX; =4
(i) ||(X — X1)z|]? = (X — X1)%z,2) =0 = X = X|.

Now we will prove the Main Proposition from lemma 7.1.4. P(z) >
0 for z € (m, M) implies

Pz)=c [[ (z=a) [] Bi—2) Tz = %)+ 7]
a;<m Bi>M

for some ¢ > 0. Obviously A — o;1 > 0, Bl — A > 0 and (A — I)? +
621 > 0. Since all these operators are pairwise commutative, their
products are also > 0 by lemma 7.1.4. O

Corollary 7.1.7 If mI < A < MI and P;(t), P»(t) are real polynomials
and Py (t) < P(t) for allt € [m, M] then P;(A) < Py(A).
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7.2 Projections (projection operators)

Let E be a linear space. A linear operator P : £ — FE is called a
projection if and only if P? = P. Define E; = ImP and E; = kerP.

7.2.1 Some properties of projections in linear

spaces

1. P|E1 =1dg, (.e.Vz € E, Pz = z).
Indeed, for all z € E; there exists y € F such that

Py =1 = P?y= Pz =z =Py=P)=Pz=z=Px.

2. I — P = Q is a projection (Q? = Q) and

(7.12) ImP = ker(I — P) , kerP = Im(I — P).

Indeed,

(7.13) P(I — P) =0 implies Im(/ — P) C kerP;

also if z € kerP we get (I — P)x = z and this means kerP C
Im(I — P).

3. Let £y = Im(P), E5 = ker(P) then F1+Ey = E and E1NE; =0 (i.e.
E,+E, is a direct sum and E is a direct decomposition on E;
and Es). Indeed, PE + (I — P)E = E and {Pz =0,(I — P)x = 0}
imply z = 0.

4. Let T : F — FE be any linear operator, Ei+E; = E and P be a
projection onto E; parallel to F»;. Then PT = TP if and only if
E; and E, are invariant subspaces of T'.

Proof: TEy = TPE, = PTE,; — F,. Thus T : E; — F,. Similarly
for E5: use instead of P operator ) = I — P. The other direction
is left to the reader as an exercise. O

Now, let P be a projection in a Hilbert space H and assume that
it is also a symmetric operator: (Pz,y) = (x, Py).
Then,

1. P is an orthoprojection (F; LE»): for all z and y in H,
(7.14) (Pz,(I — P)y) = (x,(P - P?)y) =0
i.e. ImP1Im(I — P).
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. 0 < P <[ since (Pz,z) = (P?z,z) = ||Pz|?® < ||z|* (from item 1),

hence 0 < P < 1.

Let Ez = ImR, i.e. Ez = RH If P1P2 = 0 then P2P1 = 0,
E,1FE,; and P, + P, is an orthoprojection onto E; @ E,. Indeed,
<P1H, P2H> = <P2P1H, H> =0;0= (Plpg)* = PQPl; (P1 +P2)2 =
P, + P, and Im(P1 + PQ) = F1 + E».

Let PP, = P,P, = P. Then P is an orthoprojection (obvious)
and F =ImP = E1 N Ey (E; = PH).

Indeed, obviously F) N £y — E (P and P, are equal to Idg,ng,
when restricted to £1 N Es). Also Px € E; (because P = P P)
and Pz € Fy (because P = P,P;). So E — E1N Es.

If P1P2 = P1 then E1 — E2 [P1 = Pl* = P2P1 = P1P2 then apply

item 4 above] and P, < P, : (P, — P;)? = P, — P, and so > 0.
Moreover, P, < P, implies P, P, = P;. Indeed,

Y Y
9 —f———
[P(I =Pzl = (PL(I-P)z,(I-P)z

<P2(I — PQ).T, (I — PQ)(E)
(7.15) = 0

IA

which implies P, — P, P, = 0.
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Functions of operators

piecewise continuous bounded functions and such that they
are monotone decreasing limits (\,) of continuous functions.
Examples:

l ETmI <A< M-I; AND a <m < M < b. Let K[a,b] be the set of

This function € K and this function is not

(8.1) ‘ ‘ ‘ e |

a b a b

(Such functions are semicontinuous from above (meaning that
for all t € [a,b], limy, ,;z(t,) = z(¢) ) which is equivalent to saying that
all sets {t: z(t) > a} (Va € R) are closed sets.)

Lemma 8.0.1 Let p(t) € K|a,b]. Then there exists a sequence of poly-
nomials P, (t) \, ¢(t) asn — oo Vt € [a,b).

Proof: First, it is given that 3¢, (t) € Cla,b] such that ¢, (t) N\, ¢(t).
Also, by Weierstrass theorem V7 3P, (t)-polynomial such that

(8.2) [ Pa(t) = [on(t) + 555

Then Po11(t) < @nt1(t) + g1 < @n(t) + 5r < Po. S0 Py(t) is non-
increasing and obviously P, (t) N\, ¢(t) (because ¢, (t) does). O

The Lemma gives us the possibility to define for every ¢ € K, an
operator ¢(A):

79
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Definition 8.0.2 (Defining ¢ (A)) Let P,(t) N\, ¢(t) forVt € [a,b]. Thenj
P,(A) > P,11(A) > ... and it is bounded (because ¢(t) > —T =
P,(A) > =T -I). So, by (vi) the strong limit of lim P,,(A) exists (call
it B) (later it will be called p(A)).

We would like to call such a limiting operator B as ¢(A). In this case
though, we must prove correctness (consistence) of such a defini-
tion. This means that B should depend only on ¢(¢) and not on the
specific sequence p,(t) N\, ¢(t). So, we should prove that if another
sequence of polynomials Q,(t) \, ¢(t) (Vt € [a,b]) then the strong
limit of @, (A) is the same B.

We prove a stronger statement needed below:

Lemma 8.0.3 Let Q,(t) \, ¥(t) € K (Vt € [a,b]) and P,(t) \, ¢(t) €
K. Let %(t) < o(t) ¥t € [a,b] Then limy o Qn(A) = By < By
lim, o0 Py (A).

(So, if 9(t) = ¢(t) = By < By and By < By, which implies B; = By =

¢(a))
Proof: Vn,Vt € [a,b] ANy(t) such that for every N > Ny(¢)

8.9 Qu(t) < Pult) + - ()

This implies that 3 open interval I(¢) around ¢ where (x) is also
satisfied. So, we have a covering of [a,b] by open intervals. Choose
(by Heine-Borel Theorem) a finite subcovering {I(t;)},. Then Vn
INo = maxi<;<m No(t;) and for every N > N

(8.4) Qn(t) < Py(t) + % for every t € [a,b] .

Then letting N — co we get By < P,(A) + 11 (n is fixed here). Letting
n — oo and we have B; < Bs. O
So, we define a correspondence ¢ € K — ¢(A) € L(H)

8.1 Properties of this correspondence (¢; € K)

W @1 + @2 = ©i1(4) + ¢2(A) that is, (o1 + 92)(4) = ©1(4) + pa(A).
[Indeed P,Si) N\ @i+ =1,2. Then P,Sl) +P7§2) \! ¥1+ ¢2 and the choice of
polynomials tending decreasingly to ¢; + ¢o does not influence the
limiting operator.]
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(ii) For ¢ > 0, (cp1)(A) = c- p1(A)

(i) (o1 - w2)(A) = v1(A) - p2(A) right now this makes sense only
for p; > 0 and @2 > 0 because otherwise ¢; - 9 may not belong to
the class K.]

(iv) ¢1 > @2 = v1(A) > po(A) (this was proved before).

We consider now the linear class of functions K-K of the form
9 = f — ¢ where f, ¢ € K. Then we write ¢(A) = f(A) — ¢(A) (by
definition) and we trivially check that if ¢ = f; — p; = fo — 9, then
fitoa =01+ fo = fi(4) +¢2(4) = p1(A4) + fo(4) = fi(4) —p1(4) =
f2(A) — p2(A) and hence 1(A) is defined correctly. We may complete
now the property (iii) above:

Let C; be constants such that ¢, + C7 > 0 and g2 + Cy > 0. Then
define ¢ - o2 = (¢1 + C1) (2 + C2) — C1pa — Cop1 — C1Co, and (p192)(A)
is defined through this identity and equals ¢1(A) - p2(A).

We are now ready to derive the spectral decomposition of a self-
adjoint (=symmetric) bounded operator in H.

Consider the function

_J1 fort< A
(8.5) eA(t)_{O fort > \

ex(t) € Kla,b] and define E) = e)(A). Then,

() E2 = E, (because e)(t) - ex(t) = ey(t) and E, is symmetric
(because e, (t) is a real valued function, so (E\z,z) € R).

Thus E), is an orthoprojection and E) is symmetric.

Moreover F, = 0 and E, = 1 (because one compares it with the
O-function and with the identically 1 function).

(ii) £, is continuous (with respect to A\) from the right (in the
strong sense): Indeed, let P,(t) > e, +%(t) and P,(t) \, ex(t) then
Po(A) > Ey\, 1 > Exya, > Ex(1/n > o, > 0) and as n — oo, Pp(4) N\
E, . So E)\+a: a—%?] E/\].

(iii) £y - E, = E) (A < p), because ey (t) - e,(t) = ex(t).

A family {E,} with such properties is called “spectral family” or
a “decomposition of identity”.

(iv) ExA = AE) (because E) is a limit of polynomials of A).

Therefore (by the property (iv) of linear projections) ImFE) = H) is
an invariant subspace of A.
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8.2 The main inequality

Let A\ < A2. Then

(8.6)  Ailen, (t) —ex, (B)] <t [en, (t) — ex, (B)] < Aglen, () —en, (8)] -
inserting A in the place of ¢t we get

(8.7) M(Ey, — Ey) S A(E), — Ex,) < Xa(E\, — Ey) (%)

Observe that E\,\, = E), — E), is an orthoprojection. Let Hy,,, =
ImFE},),. It is an invariant subspace of A and (for z € H),,,) we have
)\1[H>\2/\1 < A|HA L < )\QIHAQM. Therefore, for VA € [\, \o]:

241

(88) ||A - >\I||H>\2>\1 S £ = >\2 - )\1

Thus, our operator is close to a constant operator on this subspace.
We are going to build now an integral.
Consider a partition of (a,b) : a < A\ym < ... < M < A, < b, with
norm of partition A = max |\;;1 — A\;| < €. Choose (any) u; € [Ai, Ait1].
Adding (x) we have

n—1 n—1
Z Ak(E/\k+1 - E)\k) < A (Z E)\k+1 - E/\k)
0 0
n—1
(8.9) < D M (Bay, — Bag).
0
Then
n—1
(8-10) —el < Z()‘k - /Lk)(E)\IH-l - E/\k)
0
n—1
0
n—1
(8.12) < Z()‘kJrl — ) (Exyy — By
0
(8.13) < el

since —e < A\p — pr and Mg — pg < €. Consequently, by the property
(i) of symmetric operators if —cI < T < el = ||T|| < e and we have

(8.14)
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for any partition of the interval with the norm of partition < ¢ and
any choice of y; inside the intervals of the partition.

Then, there is a limit (in the norm of operators) when ¢ — 0 and
the natural name for this limit is “integral”. So, we define a notion
of integral:

M o0
(8.15) A= / ME) = / AEy
m—0 —0o0
(meaning that we should take (any) a« < m as the low boundary, but,
because of continuity from the right of E,, we may take the upper
bound to be M; note that £, =1 for A > M and E, =0 for A < m).

Theorem 8.2.1 (Hilbert) For every A self-adjoint bounded (or = sym-+}
metric bounded) operator H there exists a spectral decomposition (=
spectral family) E, (A € R) of orthoprojections, such that,

i) Ex=0(\<m)[weassumethat MI <A< M- -I]=1 (> M)
(i) Ex o= E) (continuous from the right)
(iii) E), < E\, for A1 < Xy
(iv) A= [ XdE)

(v) E, are strong limits of polynomials of A and therefore they com-
mute with any operator B which commutes with A

W) [[AfI* = [ Ad(Erf, f)
(i) a family {E,} that satisfies (i)-(iv) is unique.

Proof: We proved above (i)-(v). We will not prove (vii) (uniqueness) in
this course.

But we will prove (vi): just return to the definition (description) of
[ MdE) and observe that AE,, = E,,,, — E,, are pairwise orthogonal
orthoprojections: AFE), LAFE), for i # j (AE), - AE,, = 0). Moreover,
IAE\fI2 = (AE\S.f) = (B, /. f) — (Exf.f). Therefore, for any
partition of (a,b) the Riemann-Stiltjies integral sum

(8.16) > HEABL ) - IAFIP| < €

which proves (vi). Note that (E,f, f) is a monotone function of A
for any f and [ A\?d(E,, f, f) can be understood as Riemann-Stiltjies
integral.

Let us finish with one additional fact.
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Proposition 8.2.2 (Fact) If ¢ is a continuous function on [m — 0, M|
then ¢(A) = frff_ 0 ¢(NdE\ and the integral exists (converges) in the
operator norm (i.e. “uniformly”) and ||p(A)z||? = [ ¢*(N)d(E\z, z).

Thus, we should prove two things: that the integral converges to
some operator and that this operator was called before p(A).

Let o(t) = t*. Then AF « (X wAE))* = Y Wb AEy, — [ AdE,.

Hence, A* = [ M\FdE,. From this follows that for any polyno-
mial P()\) we have P(A) = frﬁ/l—o P(\)dE,.

Let ¢ € Cla,b]. For a given ¢ > 0, find a polynomial P(¢) such that
lo(t) — P(t)| < min{e, 7 —a} (V1 € [a,b]) and

Then (i): [|¢(4) - P(A)| <e

Also for a suitable partition of [a, b], define the corresponding Rie-
mann integrable sums for [P(¢) as Y (P)(ui)A; and as Y ¢(ui)A
for [¢ [we take ¢ in the same points u; as for P(¢)]. Then, (i)
| 2(P) (i) Ai = (i) Al < e = [ 2(P(A)) = X (0(4))] < e mow it is
integral sums for operators]. Also, because we proved the theorem
for polynomials P(A), we have

(i) | P(4) - S(P(A)] < e

All together we have (joining (i), (ii) and (iii)):

(8.17) o) =3 (p(a))| <3¢

Consequently, the integral sums for ¢(A) converge in norm to an
operator that was defined earlier as ¢(A).

Examples: (1) Let A be a compact operator; Az = Y Ax(z, ex)ey.
Then Exz =3, -,\(z,ex)ex for A <0 and

(8.18) Exz =1z — Z (z,er)er for A >0.
A >A
(2) Az(t) =t-z(t) = p(A)z(t) = p(t) - z(t) and Exz(t) = e)(t) - z(t).
We may define the operator ¢(A) for a larger class of functions:

Let ¢(A\) be a measurable and bounded integrable function with re-
spect to o(\: z,y) = (E)z,y) for any z,y € H. Then, by definition,

8.19) (p(A)z,y) = / oN)do(Xiz,y) (+#)

Note that o()\;z,y) is of bounded variation (for every z,y). How-
ever, returning to ¢ € C|a,b] we see that, given A,z,y, we have (by
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(%)) a linear continuous functional on C|a,b] defined by o(X;z,y).
Then it is known that such functional defines a function o(\;z,y)
of bounded variation in the unique way under the normalization
conditions: o(a) = 0 and semicontinuous from the right.

Hence (F)z,y) is uniquely defined for every z,y, which implies
that E)z is uniquely defined for every z. Thus {E),} is uniquely
defined by the conditions (i)-(iv) of the theorem of Hilbert.

8.3 Simple spectrum

We say that A has a simple spectrum if 3z; € H called a generator
such that {AEyzy = (E), — Ey,)z | VA2 > A} is a complete set in H.
It is easy to see that this is equivalent to the fact that {p(A)z¢} is a
complete [set] for a family of all continuous functions on [a, b].

We say that two opererators A; and A, are unitary equivalent if
JU-unitary and A; = U-1A4,U. In fact, we use this notion also in the
case A;: H; — H;,i=1,2and U : H; — H, being an isometry onto.

Theorem 8.3.1 Let A be a self-adjoint (bounded) operator with a
simple spectrum and generator xy. Let o(\) = (E\zo, o) where {E)}
is a spectral family of orthoprojectors defined by A. Then A is unitary
equivalent to operator T : Li(/\) — Li(/\) where To(A\) = X - ¢()).

Proof: Consider first any continuous function ¢()\) € C|a,b] (Where
suppo(A) C [a,b]). Note that a set of all such functions is dense in
L?f( N (in fact, it follows from the definition of Li( /\)].

Consider the map U : ¢ — y, = ¢(A)zg = [ ¢(A)dE\zo. Then

b
(8.20) lyo 2 = / 2 d(Exzo, 70) = 612,00

It is easy to check that the condition of simplicity of spectrum im-
plies that {y;} is a dense set of H.

Thus, the linear map U is extended from a dense set {¢ | con-
tinuous functions} to the completion Li( N and we built an isometry

U: Lg( N H (onto, because the image of an isometry is a complete
space). It remains to check UAU 1y = Ap()\):

(8.21) Ap(A)xg = /A(p()\)dE,\xo .
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So Ay, — Ap(A).



Chapter 9

Spectral theory of unitary
operators

U: H — H is unitary if (Uz,Uy) = (z,y) Vz,y € H and ImU = H
(otherwise, we talk about isometry).

Properties 1. UU* = I = U*U (unitary) 2. Linearity of U is a
consequence of (U,,U,) = (z,y) Yz,y € H. 3. If U is linear and
(Ug,Uy) = (z,z) Yz then U is unitary.

Example L;(—oc, 00):

r _ 1 : N {17 P :
9.1) flr) = Tor A}gnoo /Nf(t)e dt = Ff (Unitary)
F~1f = f [substitute i with —i].

[regularization: Ff = \/%7% 0 <L (#)at.

9.1 Spectral properties

M Uz=xx=|\N=1;

2) Uz; — i and A\; # X\, then (z1,z9) = 0 [Indeed: (z1,z2) =
(U{El, Ua;g) = )\1)\2(.’121,.’122) = (3}1,332) = 0].

We say that a subspace £ — H reduces A iff

(9.2) A:E—E and A:E'— E*'

(that is, both E and E' are invariant subspaces).
BHfU:E—-FandU !': E— EthenU: E+ — EL. (Just use
(Uz,y) = («,U7'Y).)

87
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Consider now a polynomial P(z) of z and z~! for |z| = 1 (i.e. for
z=¢" teR):

n

(9.3) P(z) = Z ape*t = Zakzk = P(U) = ZakUk .

—m

Properties of this correspondence:

() (P + P)(U) =P (U)+ P(0) (linearity)

(ﬁ) (P1 . PQ)(U) = Pl(U) . PQ(U) (multiplicativity)
(iii) PO =YaU*=PU") =P>)|,_y -

(iv) If P(z) >0 for |z| =1, then P(U) > 0.

Proof: We start with a lemma.

Lemma 9.1.1 Let P(z) > 0, |z| = 1; then there is another polynomial
Q(z) so that P(z) = Q(2) - Q(2) = |Q(2)[*. (Note Q(z) = Q(z) = Q(1/z).)

Proof: Let P(z) > 0 (we may consider P(z) + ¢ > 0 for the original
P(z) to create a strict inequality and then ¢ — 0). Then z™P(z) =
c[Tjai<1(z — i) H\,Bj\>1(z — Bi). Next remember that |z| = 1. P(z) =
z=me[[ (2 — @) [T (1 — B;) = P(z) (because it is real for |z| = 1). Note
that z=™ = 2™ and the number of all roots is n + m.

So P(z) = igmer [1(z — ) T (2 - ﬂlj) = P(z) (for some ¢;). Since
it is still the same polynomial with the same roots we see that there
is correspondence f; = a% Vi=1,...,k), m+n=2kand n=m = k.
Define Q(z) = []j4,j<1(z — @i). Then Q(z2) - Q(2) = Z [ja,j<1 [T 51 =
c3P(z) > 0 meaning c3 > 0. O

Returning to prove we write (iv), P(U) = Q(U)QU™') = Q(U) -
Q)" > 0.

We continue as in the case of self-adjoint operators. Let ¢(z) =
¢(e™™) > 0 (remember: |z| = 1) and P,(z) \, p(e?) (for every 1) (P,(z)
are trigonometric polynomials). Then we define ¢(u) > 0 as the
strong limit of P,(U). We extend the definition of ¢(u) for func-
tions ¢ € K; = {c1¢1 + cap2} for any complex numbers z; and cs.
We check, of course, consistence of our definitions considering the
unique decomposition ¢(z) = Rey(z) + ilme)(z) [= 91 + i12] and then
P(U) = 1 (U) + ih2(U). _

All the properties of the correspondence (e) — (U) can be
checked as in the case of self-adjoint operators. The one which
should be checked in addition is:

9.4) o(U)* = o(2)|,—y
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(because it is true for approximating polynomials).
To build a “spectral family of projections” for a unitary operator
we consider the functions

iy J 1 forO<t< A
(9-5) ale )_{0 for N <t<2n

and (') = 0, 99, = 1. Let also

~ 1 fort=0
9.6 1) =
©.6) to(?) {0 for 0 < ¢ < 2

Then ,(U) = E)\ are orthoprojections. To prove continuity from
the right of this family, introduce Ejy = psi,(U) and prove continuity
from the right of the family { £\ + Ey}. Then return to {£)}. We build
spectral integral. First functional inequality is

©.7 =D el () =y, (¢M)] = x(€)

1

(9.8) |x(e?)| < |e® — ek | < |t —pp| < ¢ (where t,_; <t < t}).

then x(eit) - x(e) < €2 which implies

n
(9.9) HU =) €¥iE, - Ej4]| <e.
j=1
Thus,
2T 2
(9.10) U= / e'dE;, and U" = / " dE;,
0 0
for n = 0,£1,£2,... (For negative powers take the dual operators

U* =U~" = [" e "dE,). Similarly, for continuous functions ¢(¢)

2T )
©.11) o(U) = / (") dE; .
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Chapter 10

The Fundamental
Theorems.

E STUDY THE following structure: a linear space L over

‘ ;‘ / the field of real numbers R or the field of complex num-

bers C. Usually we assume that the dimension of L is

infinite. We endorse L with a norm || - || and set X = (L;| - ||). We

assume that X is a complete linear space with norm and we call
such a space a Banach space.

A linear functional f : X — R (or C if X is over () is called a
“linear functional” or just a “functional”. The set of all linear func-
tionals is a linear space denoted with X# ( or L# emphasizing that
only the linear structure is involved). A subspace of X# consisting
of bounded (i.e. continuous) functionals is called the dual space X*
and it is a normed space under the norm

(10.1) 151 = sup LN

70 ”IH ‘
The dual space of any normed space X is a Banach space.
Let L be the set (linear space) of all bounded linear maps (oper-
ators) from X to Y. Again, this is a Banach space under the norm

A
(10.2) 145 X o V] = sup 1421

if Y is complete.

We will deal now with the three most fundamental theorems of
Functional Analysis. Some of them are based on the notion of cate-
gory (Baire category).
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10.1 The open mapping theorem

Let M be a complete metric space (not necessarily linear). We call
a subset A C M to be of first category if A is a union of countably
many sets A = U;B; and the B;’s are nowhere dense (meaning that
the closure B; does not contain any interior points) for every i. A
set C which is not of first category is called a set of second category.
Note that if a closed set A is of second category then A° # ().

Theorem 10.1.1 (Baire-Hausdorff) Every complete metric space M
is a set of second category.

Proof: Assume M = U{°A, and that every A, is nowhere dense.
Then there exists z; € M \ A; meaning that there exists ¢; > 0 and
a ball B; = D(z1;¢;) of radius £; and center z; so that B; C (4;)".
Similarly since A, is nowhere dense there exists z9 € (B; \ 42)°, that
is, there exists 0 < e < ¢1 and a ball By = D(z2,e2) C By \ A3. We
continue in this manner thus producing a sequence {z,}>°, and
{0 < &, \, 0} such that

(10.3) D(xnagn) - D(«Tn—la 5n—1) \Zn

Then, by the completence of the space M the limit zy = limz,
exists and zy ¢ A; for every j = 1,2,.... Thus M # UA,, a contradic-
tion. O

Definition 10.1.2 A set K C X is called perfectly convex if and only
if for every bounded sequence z; € K and for every sequence of reals
a; > 0 such that } ;% o; = 1 we have that >, a;z; € K.

We also define K° to be the interior of K, K the closure of K and
K={zeK|Vye X 3da>0and \y+ (1— Nz € K for 0 < X < a is the
kernel of K (sometimes called the “center” of K).

Note that for any = € X if we put K, = K — z we have,

(10.4) (K;)° = K°—u, (Kp)° = (K)° — =z,

(10.5) K, = K-z, K,= K- z.

so K — z is perfectly convex if and only if K is perfectly convex.

Theorem 10.1.3 (Livshic¢) If K is perfectly convex in a Banach spacej
X then . e
(10.6) K°=K=K= (K)°.



10.1. THE OPEN MAPPING THEOREM 93

Proof: We will show that
(10.7) (K)° C K° C KCKC (K)°.

Of course the middle two relations are trivial. We will show the
first and the last one. For the first one it is enough to prove that
0 € (K)° implies 0 € K°. Let D be such an e-ball that D C K. This
implies

1
(10.8) DgKﬂDgKﬂD—i—?).
Then, for every a > 0
(10.9) aD C (K ND) + %D.

It follows that for any y € %D we may write y = %xl + y; where
1 € KND, y, € iD and again using (10.9) y; = ixg + yo with
9 € KND and y; € %D, and so on. Therefore, y = > 7, z%xn e K
(since K is perfectly convex). Thus, we proved the first inclusion.

To prove the last one, we deal again only with the case 0 € K. It
follows from the definition of the kernel of K that

(10.10) X = G n[Fm (—F)}
n=1

By Baire’s Theorem X is of second category meaning that one of the
sets in the above union is a set of second category; so, K N (—K) is
of second category and consequently it has an interior point, say xg;
i.e. for some ¢ > 0

(10.11) D(zo:¢) C [Fn (—F)},

where D(z¢;¢) is the e-ball centered at z(. It follows that
1 1 —
(10.12) §D(I0;6) - §D(I0;6) CK,
meaning that 0 € (K)°. O

Corollary 10.1.4 (Open Mapping Theorem) Let X andY be Banachj
spaces and A : X — Y be a bounded linear operator onto Y. Then
A is an open map meaning that for every open set O C X its image
A(O) is an open subset of Y.
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Proof: If D, is an open ball in X then A(D,) is perfectly convex in
Y (we use here that our map is onto). Obviously 0 € (AD)implies by
the previous theorem that 0 € (AD)° and this proves the corollary
(again we proved only that 0 € (AD)but similarly we prove that for
all z € Dwe have Az € (AD). O

Important partial case: Let A € L(Y — X) be onto and one-to-one.
Then there is A~! € L(Y — X) and A is an isomorphism between
these two spaces. In other words, A can be considered the identity
map (from the linear point of view) between X and Y (by just renam-
ing in Y Az as z). This implies that if a constant C exists such that
lz|ly < C|z||x for all z € X and the linear space is complete with
respect to both norms it follows that there exists an other constant
Cy such that ||z||x < Cy||z|ly for all z € X.

10.2 The Closed Graph Theorem

Let A: X — Y be a linear operator. The set
(10.13) I'(A) = {(z; Az) } zeDoma C X X Y

is called the graph of A. We say that A is a closed graph operator if
I'(A) is a closed set in X x Y'; this means that whenever z,, € DomA,
T, — ¢ and Az, — y then z € DomA and Az = y.

Theorem 10.2.1 (Banach) Let A: X — Y be a closed graph operator
and DomA = X. Then A is a continuous (i.e. bounded) operator.

Proof:: A~'Dy is perfectly convex [indeed: take any bounded set
{z;} € A~'Dy i.e. there exists y; € D and Az; = y;; let o; > 0 and
> a; = 1; then Y 7oy, — y € D and Y[ eyz; — z; by the closed
graph condition Az =y meaning 3 ;z; € A 1D]. Clearly 0 € A~ Dy,
implying the continuity of A. O

Examples: We say that an operator A : X — Y admits a closure
if and only if TA C X x Y is the graph of a closed operator.

(@ A : Ly[0,1] — L9[0,1] and Az = z(0) - ¢t and DomA = (C]0,1].
Clearly this operator does not admit a closure.

(b) Az = 4z in L, (or C) with DomA = {z € Ly | 2’ € Ly} (or
DomA = {z € C | 2/ € C}). This operator admits a closure and
to understand this the following easy fact is useful:
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Fact: If A has its graph closed and the inverse A~! exists, then
A~! has also a closed graph (since the graph of A and A~! are the
same). Thus if A: X — Y is a compact operator and Ker4 = 0 then
A~!is formally defined on ImA(= DomA~!) and has a closed graph.

Remark: It is also possible to prove Closed Graph Theorem from
Theorem from the Open Mapping Theorem with the following direct
argument:

Consider the subspace F = {(z;y) | y = Az} — X x Y. If A has
its graph closed then E is a closed subspace therefore complete.
Define v : F — X by u(z;y) = z. This operator is onto (because
DomA = X) and one-to-one. Then u~! is bounded. Moreover the
operator 7' : E — Y defined by T(z;y) = y is continuous. Thus
A =Tu"" is a continuous operator. O

We give next an application of the Closed Graph Theorem:

Theorem 10.2.2 (Hormander) Let X, X|, Xo be Banach spaces andj
T : Xg = X4, T : Xg = X9, DomTy C DomTs,, Ty is a closed op-
erator and T, admits a closure. Then there exists C > 0 such that
| Tox|| < C[||Thz|| + ||=||] for all z € Dom(T}).

Proof: Consider the closed subspace E of Xy x X; with
(10.14) E = {(z;T1z) | € DomT} }

and set V(z;Tyz) = Tox. Then V is a closed operator [indeed: z, — z,
Tz, — y and by the closeness of T} it follows that y = 71z and also
Trx, — z implies z = Thz]. Also DomV = FE. This implies that
V is continuous, i.e., there exists constant C such that |Tyz| <
Cll(z; Tyz)]|- O

10.3 The Banach-Steinhaus Theorem

We start with a late version which belongs to Zabreiko:

Theorem 10.3.1 (Zabreiko) Let i be a function on a Banach space
X, u(z) >0, u(tr) - 0as0 <t — 0 for every z € X (continuity in every
direction). Assume that p is perfectly convex, that is, if the series
Y1 @i converges then

(10.15) 1 (Zm) <> ().
1 1
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Then u is a continuous function.

Proof: Consider, for every ¢ > 0, the set M, = {z| u(z) < ¢}. Then
0e ]\ZIE (because of the continuity in each direction) and

(10.16) 7 <Z ai$i> < Zai,u(mi) <e
1 1

for every o; > 0, >.°a; = 1 and z; € M,. Thus, M, is perfectly
convex. Therefore, by the above theorem 0 € ]\ZIE meaning that there
exists 6 > 0 such that the ball Ds of radius § and center at zero.
In other words, for every ¢ > 0 there exists § > 0 such that ||z|| < ¢
implies p(z) < e. So p is continuous at 0. The continuity at any other
point z follows from the continuity at 0: let z,, — z; by convexity it
follows that |u(z) — p(zy)| < p(z — z,) — 0.

Remark: If ;(Az) = |A|p(z), then u(z) < 5|z
such that p(z) < C|z||.

, i.e., there exists C'

Theorem 10.3.2 (Banach-Steinhaus) Let {A,: X — Y}, be a fam-
ily of bounded operators between two Banach spaces X and Y, and
let sup, ||Aaz|| < Cz. Then there exists C such that ||A.z| < C|z||
for every z and any A, from the family. This means that {A,} is a
bounded set in L(X —Y).

Proof: Introduce the function u(z) = sup||Aaz||. All of the condi-
tions of the Zabreiko theorem are obvious. So, there exists C such
that u(z) < C||z|| which is the statement of the theorem. O

Corollary 10.3.3 Let X be a Banach space over the field F (which in
our theory is either R or C). Let A = {f € X*} be the set of all bounded
linear functionals such that for every z € X {f(x)}sea is bounded, i.e.,
supsey |f(7)] < Cz. Then A is a bounded set in X*, that is, there exists
C such that ||f|| < C for every f € A.

In the w*-topology of X* the boundness of a set A C X* is defined
by the boundness for every z € X: |f(z)| < Cz for every f € A; so the
Corollary means that w*-boundness implies boundness in the norm
topology. Indeed, this follows if one uses the Banach-Steinhaus
theorem for {f: X — F}sca.
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Corollary 10.3.4 Let A C X be a setin X bounded in the w*-topology
meaning that for every f € X*, sup,cq|f(z)] < C(f). Then A is
bounded in the norm topology: there exists C' such that ||z| < C.

Indeed, use the Banach-Steinhaus theorem for the family of lin-
ear operators
(10.17) {z: X" = F}zea.

Corollary 10.3.5 Let S C L(X — Y) be the set of bounded operators
such that for every z € X and every y € Y* we have that |f(Tz)| <
C(z; f) for all T € A. Then there exists C such that ||T|| < C for all
T € A.

We now show a few examples that use the Banach-Steinhaus
theorem.

1. Let H be a Hilbert space and A : H — H be a linear operator
with DomA =777 (not yet necessary continuous) and A = A*, i.e.,
(Az,y) = (z, Ay). Then A is continuous.

Indeed,

(10.18) (Az,y)| = |(z, Ay)| < [|Az|| = C(y)

for all z € X with [[z|| < 1. Then {Az},cp(x) is bounded: [Az| <
Cll]l.

2. Integration formulas. Define ¢(f) = folf(t)dt, f € Cl0,1]. Let
{t;”) *n C[0,1] and let ci") be numbers such that

k

(10.19) u(f) =S M M) = (1),

1

for all f being polynomial up to degree n. Then we have the follow-
ing:

Theorem 10.3.6 (Polya) ¢,(f) — ¢(f) forall f € C|0,1] if and only if
there exists M such that}’, |c§cn)| < M.

Proof: Check first that ||¢,|* = >, |c§€")| (the norm as a linear
functional over CJ0,1]). Then ¢,(f) — ¢(f) on a dense set of func-
tions (in our case for every polynomial) and the uniform boundness
|l¢n|| < M implies the convergence ¢, (f) — ¢(f) for every f € C[0,1].
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Now in the opposite direction, we use the Banach-Steinhaus
Theorem: if ¢,(f) — ¢(f) for all f € C[0,1] meaning, in particular,
lon(f)| < C(f), then there exists M such that ||¢,| < M. O

3. Use of the Banach-Steinhaus Theorem for establishing counter
examples in Analysis. We give one example: There exists function
f € C[r,n] such that ||S, f|| — o0 as n — oc where

1 27 gin(n + L) (r — ¢
1020 S0 =5 [ T ar

™Jo sin -
Then

1 27| o3 1 —¢
(10.21) 1Sa]l = _Sup/ sinn + 5)(7 )‘dT

2t v Jo sin —-
(10.22) _ l/ sin@2n + D)7 |,

T Jo sin T

1< e
(10.23) - ;Zno/h o ldr

2n+1

(10.24) 5 lon

8T

as n — oo. Therefore, there exists f such that ||S, f|| — oo as n — cc.
In the few following theorems we demonstrate the use of Banach
Theorem on open map.

Theorem 10.3.7 Let F; — X be closed subspaces of a Banach space
X, E1NEy = 0 and E1+FE5 = X. Then the projection P : X — FE1, parallel
to E5 (i.e Ker P = Es) is a bounded operator. In other words, 3C' > 0
such that ||z1 + 2| > ¢max(||z1||z2||) for z; € E;.

Proof: X/E, is a Banach space (because FE, is closed) and obvi-
ously there is a natural linear isomorphism X/Fy; ~ E;. Also |[z1 +
Bsllx/p, = inf{|lz1 + ylll| y € E2} < ||lz1| (for z; € Ey). So (again be-
cause F; is a Banach space), X/FE,; and E; are isomorphic as Banach
spaces and 3C such that

(10.25) ||.’121|| < CHxl + yH Vz1 € E1,y € Es.

This means the boundness of the projection.
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10.4 Bases In Banach Spaces

Let X be a Banach space and e = {e;}{° be a linearly independent
complete system in X. Introduce the linear projections

(10.26) U, (i akek> = zn:akek,
1 1

for m > n and for all a; € R. Of course these projections are defined
only on a dense set of all finite linear combinations of e. Note that if
there exists a linear functional e}, € X* such that e} (e;) = 0y, (called
biorthogonal functionals) then we call e a minimal system. Clearly,
in this case

n n
(10.27) T = Z aper = Z e (x)ey
1 1

and U,z = Y | ej(z)ex. This implies [|U,| < D7 |le;]l - llexl] = ¢n < oc.
Also in the opposite direction, if U, are bounded operators then
Unz — Up_1z = €} (x)e, and |le)] - |len]] < |Up — Up—1]] and e} € X*.
Thus we have the following:

Fact: ¢ is a minimal system if and only if the U, are bounded
operators.

We call e a basis of X if and only if for every z € X there is exactly
one decomposition z = Y1 age;. We call the basis e a Shauder basis
if in addition e is a minimal system.

Theorem 10.4.1 (Banach) Every basis of a Banach space is a
Schauder basis.

We will prove this theorem in the following form

Theorem 10.4.2 Let ¢ be a complete linearly independent system.
The e is a basis of a Banach space z if and only if the projections U,
(defined above) are bounded and moreover there exists C such that
U] < C (i.e. U, are uniformly bounded).

Proof: We prove first the sufficient condition: if there exists C
such that ||U,|| < C then e is a basis (and, automatically a Schauder
basis) because e is a minimal subsystem. Let

o0
(10.28) A= {:E eX|z= Zanen converges}.
1
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This means that U,z — z (n — oo) for z € A. Clearly, A is dense in
X. We will show that A is closed, meaning that A = X and Vz € X,
z =Y.7" ane, (the uniqueness of the series is trivial by the minimality
of €). Indeed, let z; € A and z; — z. Then U,z; — z; (n — o0). For
e > 0 there exists jy such that ||z;, — z|| < . Then there exists N
such that for every n > N, ||U,zj, — zj,|| < €. Therefore for n > N we

have that,

(10.29)|Upz — z|| < |[Upz = Unzjoll + [[Unzjo — joll + |75, — =
(10.30) < (IUnll + Dllz = zjo || + 1Unzjy — 2o
(10.31) < (CH1)e+e.

Since ¢ > 0 is arbitrary, we show that U,z — z.

Now we prove that this condition is necessary. Define a new
norm by |;z|j1 = sup, || Y7 aieil| > z| which is defined for every z € X.
Obviously, the operators U,z = Y7 a;e; are defined and |1Uy|1 = 1
Then, by the sufficient condition proved before U, are uniformly
bounded, e is a basis in the completion X of X in the | - |1 norm
(since U, are uniformly bounded). However, for every z € X, & =
> 1" aje; and the series being converging in ||; - |1, also converges in
| - || and define z = " aje; € X.

By uniqueness, we have the identity map:

(10.32) id: X — X,

between two Banach spaces, is one-to-one, onto and |1z|1 > |z||.

By the Banach Theorem there exists C such that ||;z||; < C||z|. This
means that ||U,]| < C.

10.5 Hahn-Banach Theorem.
Linear functionals

Let X be a Banach space. X# is the Banach space of all linear
functionals and X* is the space of continuous linear functionals or,
equivalently, the space of bounded linear functionals, that is, there
exists C such that |f(z)| < CJjz||. Then (X*,| - ||*) where ||f||* =

SUp,q “ﬂfpﬁ‘”. This space is (always) complete.

Examples. ||| = W, where Hy(1) = {z | f(z) = 1}.
Sublinear functionals.
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Let L be a linear space over R; a real function p(z) > 0 is called
sublinear if

@) p(z+y) <p(z)+py) forall z,y € L

(i) p(Az) = Ap(z) for A > 0.

Theorem 10.5.1 (Hahn-Banach) Let p(z) < oo forallz € L, Ly — L
be a subspace and let f, € LO# be a linear functional defined on L.
Let fo(z) < p(z) for all z € Ly. Then there exists f(z) € L# such that

@) f(z) <p(x) forallz € L and
(i) flL, = fo

(f(z) = fo(z) for all z € Lgy; so f is an extension of fo).

Proof: Introduce a partial ordering P = {(L, — L; f,)} of pairs of
subspaces L, — L with Ly — L, and a linear functional f, € Lf
such that f,(z) < p(z) for all z € L, and fu|r, = fo. by defining
(La, fa) < (Lg, fg) if and only if L, — Lg and f3|ro = fo. Note that for
any linear chain (L,, f,) there is a supremum element (L, = UL +
a, fx) € P. Then, by Zorn’s Lemma there exists a maximal element
(Lags fay)- We have to prove that L,, = L. If y € L\ L,, then define
the subspace L; = span{y, Lo, }. Any 2z € L1 z =ay+z, a € R, x € Ly,.
For any extension of f,, on Ly,

(10.33) f(2) = af(y) + fao(2).

So, the choice of the extension is defined by the value f(y).
Let C = f(y). We have to determine conditions on C such that

(10.34) flay + z) = aC + fo,(z) < play + ),

for every z € L,, and a € R. This is, in fact, two conditions: one for
a > 0 and one for a < 0.

X X
(10.35) C<py+2) = foo (5) fora > 0

and
(10.36) —p (—E - y) — fao (2) < C fora < 0.
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Call z; = z/a in (10.35) and z3 = z/a in (10.36) and consider z; and
x9 as different (independent) vectors. Then the condition

(10.37) —p(=22 = Y) — fao(z2) < p(y + 21) — fae(21)

for every z; and z, in L,, would imply the existence of C satisfy-
ing (10.35) and (10.36) and, as a consequence it would satisfy also
(10.34). We rewrite (10.37) as:

(10.38) Jao(z1 —22) < p(y + 21) + p(—22 — ¥)

which follows from the fact f,,(z1 — 22) < p(z1 — 22) < p(z1 +y) +
p(—y — z2) (the first inequality is satisfied for any vectors in L,, and
the second is the triangle inequality satisfied for for every y € L).

So, there is an extension of f,, to a subspace L; which satis-
fies all the conditions of our order, meaning that (L,,, fa,) is not a
maximal element. This is a contradiction, hence L,, = L.

Proof of the complex case: We assume now that (L;C), p(Az) =
|Alp(z) for A € C and |fo(z)| < p(x) for every z € L +0 — L. Then
there exists extension f(z) € L# (complex) linear functional such
that f|r, = fo and |f(z)| < p(z) for every z € L.

Indeed: Consider ¢o(z) = Refo(z) which is a real valued linear
functional on Lj as a linear space over R. Then for every z € L

(10.39) Po(x) < |¢o(x)| < p(z).

So, by the real case of the Hahn-Banach theorem it follows that
there is an extension ¢ € L# (considering L as a space over R).

Note that —¢(z) = ¢(—z) < p(—z) = p(z). Therefore for every
z € (L, R),
(10.40) $()] < p(a).

Note now the connection between the complex linear functional
f(x)= ¢(x) +ip(x), Ref = ¢, Imf = and its real part ¢(z):

(10.41) if(z) = f(iz) — ¢p(iz) + i (iz).

So, f(xz) —¢(ix) —i¢(iz) and Imf(z) = —¢(iz). Therefore, if the ¢(z)
above is a real-valued linear functional then

(@) f(xz) = ¢(x) —ig(iz) is a (complex-valued) linear functional over
C.
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(i) Clearly, f is an extension of fy: Ref|zecr, = ¢o meaning that
fo= Refo+ilmf — 0= ¢o — igo(i-).
(iii) Check now that |f(z)| < p(z): f(z) = |f(z)]e?’®) and f(e~"?@) ) =
|f(2)].
Thus the inequality |¢(z)| < p(z) implies |f(z)| < p(z). O

Corollary 10.5.2 Let X be a normed space, Ey — X be a subspace
and fy € E}. Then there exists f € X* such that f|g, = fo and

1f 1= = 1l fol s -

In order to prove this, use the Hahn-Banach Theorem for p(z) =
allz|| where a = || fol

E;-

Corollary 10.5.3 For every xy, ||zo|| = 1 there exists fo € X*, || fol = 1

and fo(zo) = 1. (So fy is a supported functional at zy € S(X).)

In order to prove this, one can consider the one-dimensional sub-
space Fy = {Az¢} and the functional fy(z) = X for z = Az¢. Clearly
| foll z; = 1. Then consider an extension f of f, with the same norm.

Corollary 10.5.4 For every x, there exists fy # 0 such that fy(z¢) =
[[zol| - [I.foll-

Corollary 10.5.5 For every z; # x4 there exists f € X* such that
f(x1) # f(z2). This means that X* is a total set.

Corollary 10.5.6 Themax % exists and equals ||z||. This meansl
that X — X** and

The Minkowski _functional:

Let M be a convex set, 0 € M C E consider

0 z=0
(10.42) pu(z) = { oo if ft e RY : z/te M
inf{t € R"|z/t € M} otherwise

Obviously py(Az) = App(z) for A > 0. (homogeneity) and p,; is a
convex functional: p(z; + z2) < p(z1) + p(z2).



104 CHAPTER 10. THE FUNDAMENTAL THEOREMS.

Indeed: Fix ¢ > 0. Take ¢; such that p(z;) < t; < p(z;)+¢ (of course,
only the case p(z;) < oo is non-trivial). So z;/t; € M. Let t = t; + to.
Then ‘iiifj = '?T‘”ll + ?Tm; € [T, ] C M (by convexity of M).

Therefore, Py(x1+ x2) <t =t +1t2 < p(z1) + p(z2) + 2¢. Note also that

0 € M¢ implies (and equivalent Xj).

(10.43) p(z) <ocoVz € E

Theorem 10.5.7 (on separation of convex sets) Let M; and M, be
convex sets in E and let M{ # () and M{ N My = (). Then 3f € E' such
that f(M;) < C < f(Ms) [meaning for every z € M, f(z) < C and
Yy € M, f(y) > CJ.

Proof: Consider the set M = M{— M,. Then 0¢M, M*¢ # () (because
M¢ # (). We want to build a functional f # 0, f € E, and f(M) <0,
meaning f(z) < 0 for every z € M. Let zy € M¢. Introduce still an-
other set My = M — X,. Then 0 € M§ and the Minkowski’s functional
Py, () = p(z) is defined and finite for every Vz € E. Also —z¢ ¢ M
(because 0 ¢ M). Consider the 1-dim space Ey = {\z¢} and define
the (linear) functional fy(Azg) = —A on Ej. Since p(—zy) > 1 (recall
—z9 ¢ My) we have fy(Azg) < p(Azg). So, by the Hahn-Banach theo-
rem, there exists extension f(z) < p(z). Then f(x) < 1 for z € M, and
f(zg) = fo(—z0) = 1. Therefore Vy € M, f(y) <O0.

Corollaries of Hahn-Banach theorem; continuation.

If X* is separable space then X is also separable.

Indeed: Let {f;} be a dense set in S(X*)- the unit space of X*.
Let z; € S(X) such that |f;(z;)| > 3. Consider E = span {z;}. f E = X
then X is separable. But if £ # X then 3f € X*,||f|| =1, f(E) = 0.
Now, for any ¢ > 0 3f; and

N | =

(10.44) €2 Hf - fz” > |(f - fio)(xi0)| = |fi0(xi0)| >
a contradiction.

Lemma 10.5.8 (Mazur) Let 2, — z, [meaning that for all f € X*,
f(zn) = f(zo)]. Then zy € Conv{z;}{°.

Proof: Indeed, if 2y ¢ K = conv{z;}{° then use the previous Corol-
lary: 3 f and f(x¢) < inf f(z;) which contradicts the weak conver-
gence 1, — .
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Remark: Let K, = Conv{z;}°. Then z, € K, for every n and
zo € NP K,. [Check that, in fact zo = NK,].

13. Let K C X be a convex set. Then K is closed iff K is w-closed
(i.e. closed in weak topology).

Indeed, K-closed iff Vz ¢ K 3 f which separates z from K.

Let K be closed convex set and zy ¢ K. Then 3 f € X* such that
f(zo) < inf f(z)z € K. Indeed, 3d > 0 and the ball D(z(; d) with center
zo and radius d such that D(zg,d) N K = (. Use the theorem on the
separation of convex sets for M; = D(z¢;d) and M, = K.

Then K is the intersection of all layers {z|a < f(z) < 8} = Hy(a; )
such that K C Hy(a; 3). This means that K is w-closed set.

14. Let E — X be a closed subspace. Then
(i) (X/E)* = B! — X* and
(i) E* = X*/E".

15. Let X be reflexive space [i.e. X = X**]. Then every closed
subspace E — X is also reflexive. [Obviously from 14 : E* = X*/E"
and (X*/E')* = (EY)! = E]. w*-topology. w*-topology is defined in
the dual space Y = X*. Then we define a weak topology in Y using
only linear functionals from X — X** : subbasis of neibourhoods of
0€Y isdefined bye >0and z € X : U,,.(0) = {y € Y| |y(z)| < ¢}

Theorem 10.5.9 (Alaoglu) . D(X*) = {f € X*| || f|| <1} is a compact
set in w*-topology.

Proof: Let I, = [—||z|, ||z|] and K = [] I, be a product of interval
named by elements z € X and equipped with the product (Tihonov)
topology. Then K is a compact in this topology. Consider the one-to-
one embedding D(X*) C; K : f € D(X*) corresponds i(f) = (f(z)) =z €
X € K. Note that w*-topology on D(X*) is exactly restriction of the
product topology on K. Also D(X*) is intersection of closed subsets
in K : {linear relations : f(z1 + z2) = f(z1) + f(z2) +---}

The next fact is describing convex w*-closed sets in X*.

Theorem 10.5.10 [fK C X* is a convex set and w*-closed and if fy ¢
K(fo € X*) then 3z € X such that zfy > sup{p(z)|¢ € K}. Therefore,

Proof: We need the following lemma:
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Lemma 10.5.11 Let L < E = N}Kerf;, f; € K*, and f(E) = 0 for
some f € I} (ie. E C Kerf) Then f =37 a;f;.

Proof: Consider the space L/E. Then F; € (L/E)! and also f €
(L/E)*- Note, {f;}!' is a total set on L/E. Indeed, if [X] =2+ E € L/E
and fi([zz]) = 0(@i = 1,...,n) means fi(z) = 0 for i = 1,---,n. Then
z € E and [X] = 0 in the quotient space. Thus span {f;}; = (L/E)*
and f € span {f;}] meaning f = ) a;f; for some members a;. We
return now to the proof of the theorem.

Since K is closed in w*-topology and f, ¢ K, then there is a
neibourhood U(f;) from a sub-basis set of neibourhoods of f; such
that K N (U(fo)) = 0. The neibourhood U(f,) is defined by ¢ > 0
and z1,-,z, C X such that U(fy) = {¢ € X*| |p(z;) — fo(zi)] < e}i =
1,---,n. Define = fy(z;). Now, by Hahn-Banach Theorem, 3X € X**
which separates K from U(fy): This means that Ja and X(f) > a
for everyf € U(fo) D {Nity|zi(v) = a;} YoM LetE = U Kerz; and
M = E + fo. We show that £ C KerX. Indeed, if not and 3 ¢ €
E KerX;let X(pg) = B # 0; also z;(pg) = 0. Consider \pg + fo € M
(then .’IZZ'(A(,OO + f(]) =q; for V) e R)

However X (Ap + fo) = A8+ X(fo) and X is any which is a contra-
diction. By Lemma X =) Joz; € X.

Theorem 10.5.12 (Goldstein) : D(z) C (z**) and it is dense in the
w*-topology.

Proof: Note first that the unit ball of the dual space is closed in
the w*-topology and there D(z**) is closed in w*-topology. Let K =
D(z) C D(z*).1f3 X € D(z*)\ K then 3f € X* separating X and

K. This means
(10.45) f(@) > sup{f(@)|z € K} > ||/

But then ||X|| > 1, contradiction.

Around Eberlain-Schmulian theorem.

Theorem 10.5.13 : If X is reflexive, then for every bounded se-
quence z,, there exists x,,, ~— zy € X.

Proof: The sufficient condition is easy: If X is reflexive and X be
separable consider a dense set {f;}{° C X*.
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(Note, that X* is separable because X** = X is). Let {z,}be a

bounded sequence. Then choose a subsequence {x%l)} C {zn}
such that
(10.46) 3 lim fi(2z{)(= a(fr)).

n—oo
Choose {a:g)} C {a:g_l)} C --- C {z,} such that
(10.47) fi(#)) = a(fi).

Then fn(:vl(-z)) — a(fn) Yfn asi — oo and, since {z,} is bounded and f,
is dense, f(mZ@) — a(f) for some f € X*. Note that a f is just a name
the limit. However, it is easy to see that f is linearly dependent, f €
X* and |a(f)| < sup|f(z\?)] < |||l - sup ||zn]|. So f is a bounded linear
functional, so a € X** = X by reflexivity (Extend to not necessary
separable X. Before we start to prove necessary condition, let us
note that it is a trivial consequence of another theorem.

Theorem 10.5.14 (James) Let X be non-reflexive Banach space.
Then 3 fy € X* such that there is no element x € X such that

(10.48) fo(x) =l foll - [l|

So, normalizing f, to satisfy | fo|| = 1, the affine hyperplane Hy (1) =
{z € X | fo(r) =1 has no common point with the unit ball

(10.49)  D(z)={z € X | ||| <1} : Hy,(1) N D(z) = 0.

This is extremely non-trivial fact and we will not treat it here.
However let us note how James Theorem implies the remaining part
of the Eberlain-Shmulian Theorem: since

(10.50) [ foll = sup{fo(z) | [lzl| <1},
take z,, ||z,|| <1, and
(10.51) (1 2)folan) 1=

Obviously, there is no z; € X and subsequence {x%l)} C {zn}
such that z\) % 2y € X because otherwise fo(zg) =1 and ||zg]| <1
which contradicts the property of fj.

Returning to the proof of the theorem, we need a few observa-
tions and definitions.
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10.6 Extremal points; The Krein-Milman Theo-
rem

Consider a linear space L over R. Let L! be the linear space of all
linear functionals on L and F C L* be a subset of separating points
of L, i.e. V1 # x9 3 f € F and f(z1) # f(z2). Let K be a set in L
which W (F)-compact (meaning a compact set in the weak topology
generated by F). We call a subset M C K an extremal set of K iff
Vee Mz =azx;+ (1 —a)ze, 0 < a <1, z;eK implies z; € M. A point
zo € K is called an extremal point of K if {z(} is an extremal set
of K. Note, that an extremal set M; of another extremal set M of K
is itself an extremal set of K. Define ExtrK the set of all extremal
points of K. Examples:

(i) D(co) has no extremal points.

(ii) Extr(D(C[0,1])) = {£1} (so, it is two points set consisting of
functions identically +1 or —1).

Theorem 10.6.1 (Krein-Milman) . Let K be a convex compact set
in the space (L,W(F')). Then

(i) ExtrK # ()

(ii) convExtrK = K.

Moreover, we don’t need the convexity condition: for every W (F)--
compact set K C L, convK = convExtrK.

Proof: (i) First we use Zorn Lemma. Consider an ordering (K,, <)
when K, are extremal compact subsets of K and K, < Kg means
K, C Kz. Note that any linear chain of extremal sets {K,} has a
minorant element K, = N, K, (obviously extremal compact set). So,
there is a minimal element K, in this order. We want to show that
Ky contains only one point.

Assume there Ky D {a # b}. Then 3f € F and f(a) = a < f(b) = p.
Consider V = {y € Ky| t = min f(z) = f(y)}. Note that f is a continu-
ous function on the compact K, and so the minimum exists. Also
V C Ko,b ¢ Vand V = KyNn{y| f(y) = t}. Therefore V is closed,
meaning compact in our situation. Also it is extremal set of K, and,
as a consequence, extremal set of K. This contradicts the minimality
of Ky and proves that Ky = {a} is a point so ExtrK # ().

(ii) Let E = convExtrK and F ¢ convK. Let a € convK \ E 3fy € F
and o = fy(a) < min{fo(y) | y € £} (by the separation theorem). Again
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V =A{z € K| fo(z) = mingeg fo(y)} and V = K N{y | foly) = Const}.
This is a closed set (a compact subset of K) and extremal set of K.
By (i) ExtrV # 0 and ExtrV C EztrK. But VN E = (), a contradiction.
Examples.
1. (Birkhoff's Theorem) Let K be the set of all double stochastic
matrices in R":

n n
(10.52] K = {(aij);fj:l | Q5 Z 0, Zaij =1= Zai]’}.
j=1 i=1
(Clearly this is a convex subset of the M,,-space of all n xn matrices.)
Then K is a convex combination of the permutations in

(10.53) = {(aij), where a;j € {0, 1}}.

Indeed, ExtrK is exactly the set of the permutations II.

2. C([0,1]), cp, Ly are not dual spaces to any other Banach space.
Indeed, if X = Y* for some Y then D(X) is compact in the w*-
topology and has a lot of extremal points:

*

(10.54) convExtrD(X)" = D(X).

(i.e. there is a topology such that the closure in this topology is
D(X)). But these spaces either do not have any extremal points or,
in the case of C([0,1]), do not have enough.

3. Let M be the set of the probability measures on a compact set
K. Then ExtrM = {0, : z € K}.

4. The unitary operators in C" form the set of extremal points of
Ly — 13).

5. (Herglotz Theorem) Let K be the set of all analytic functions
defined on {z € C : |z| < 1 and Reu(z) > 0; with normalization «(0) =

1.
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Chapter 11

Banach algebras

“product” z - y is defined for the elements of A and it is con-
tinuous with respect to every variable (z and y). We always
require that A contains an identity element and that this product is
associative: (z-y)-z=z-(y-z). We also require that this product is
linear with respect to both variables.
The theory of Banach algebras was developed by Gelfand in the
end of the thirties and in the forties.

q BANACH SPACE A is called a Banach Algebra if an operation

Theorem 11.0.2 There exists an equivalent norm |z| on A such that
(11.1) |z-y| <|z|-|ly| and el =1.

Proof: Consider amap z — T, € L(A — A) by T,y = z-y. The property
T(y-z) = Ty - z defines operators in L(A — A) which is the image
of this map (i.e. A — L(A — A)). Indeed, define Te = z and then
Tz =T,z (x - z). Note that this property is closed (even with respect
to strong topology). Therefore A is a closed subspace of L(A) and it
is complete in both topologies. Now, we have the operator norm on
A:
(11.2) I Ay >Hx-i‘—mand||l||—l(l—A)

. zl|lop Z - - — 4e)-

el llell

By Banach theorem the open map ||A;|,, is equivalent with ||z|| and
obviously [l - yllop < llzllopylop-

Note that if | - y| < || - |yl and [le| = 1 then || - lo = || - |
(2]l < llell - [[Az|l = supyy=1 [z - y|l < [|z[| ). Note also that the product
map z -y is continuous with respect to both variables.

111
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Examples. 1. C[0, 1] (obviously ||z - y|lc < ||z|lc - |lyllc) or C(K).

2. W (the Weiner ring): z € W iff 2 = 3% _c,e™ and |z|| =
Y2 len| < oo. z(t) - y(t) = 2(t) (as functions on [0, 27]) which means
that z = Y a,e™ and y = Y b,e™ implies z = 3 ¢ e for (c,) =
(an) * (bn) = (Xp__ o @n—mbm) (convolution of sequences).

3. Li[—o0, 0): zxy = [%_ x(t—7)y(r)dr. Similarly for L,[0,1]: zxy =
f(f z(t — 7)y(7)dr (in order to deal with convolution for any functions
from L, consider first continuous functions, prove that ||z * y||1, <
llz|lz, - llyllz, and then extend the operation using continuity for all
Ly).

Let O be the set of invertible elements of A:

(11.3) O={zec APz}

Note that O is an open subset of A. We proved this in the part of
the course that dealt with operators, when we showed that for any
r with ||z|| < 1 there exists (e — z)~! and then if there exists z~! and
|ly|| is very small then z —y = z(e — 2~ 'y) is invertible.

Let I be a proper ideal (meaning an ideal which is not trivial
(ienot equal to ) or A)). Note that since it is proper it can not contain
any invertible element. Then I, the closure of I, is a proper ideal
(because an open ball of radius 1 around e is not contained in 7
hence it is not contained in 7). We make now a few observations:

1. If there exists the inverse of (z,y) then both z and y are in-
vertible. Indeed, zy(zy) ' = e, hence y(zy) ! = z~! (commutativity
used).

2. z is invertible iff z does not belong to any proper ideal. Indeed,
if z is invertible then z - A = A thus the minimal ideal spanned by
z is all of A. If, on the other hand, z is not invertible then z - A is a
proper ideal (if zy, — e then there exists (zy,) ' which implies the
existence of z71).

Corollary 11.0.3 If A does not have any proper ideal then A is a
Sfield.

We call M C A a maximal ideal if there is no proper ideal which
contains the ideal M. Note that if M is maximal ideal then M is
closed (if not, then its closure is an ideal that contains M).
Example C[0,1]. Obviously, M, = {z | z(7) = 0} or a fixed 7 € [0, 1]
is a maximal ideal (it is both a hyperplane and an ideal). In the
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opposite direction, if M is a maximal ideal then there is a 7 € [0, 1]
and M = M, (as above).

Indeed, if such a 7 does not exist and V7 € [0,1] there exist z, €
C10,1] and z,(7) # 0, then there is an open interval I, around 7 and
z-(I;) # 0. Take a finite covering {I,,}¥ , and consider the function

N
(11.4) x = Zm% (t) # 0 forevery t € [0, 1].
i=1

Thus z € M and z has is invertible, meaning M = A, a contradiction.

Theorem 11.0.4 (Gelfand) For every proper ideal I C A there exists
a maximal ideal M such that I C M.

Proof: We use the lemma of Zorn (historically this is the first
use of this lemma in functional analysis). Consider the set A of all
proper ideals J D I. Define J; > J, iff J; O Jo. Obviously for any
chain F = {J;} (that is for all J;,Jo € F either J; > Jo or Jo > .Ji)
there is a majorizing element

(11.5) J=Ujeqd;

which is a proper ideal. Consequently by Zorn’s lemma there exists
a maximal ideal. a

Corollary 11.0.5 z is invertible iff x does not belong to any maximal
ideal M.

(Exercise).

Let I be a closed ideal of the algebra A Then A/I is a Banach
algebra. Indeed,

() (e+1)(y+1) C wy+1 and let [lo+1] 17 = [lo+2all, ly+ayr = lly+
2|l (i € I). Then |ley + Il a1 < o+ 21ll-ly+ 22l = o+ Iai-ly+IlLasr-

(i) [le4/r|l = 1. Indeed, it is clear that |e 47| < 1 and since [le—z] <
1 implies the existence of z~! we get that ||ey4 sl > 1.

Note also that if J D I then J is a proper ideal of A iff J/I is a
proper ideal of A/I.

Corollary 11.0.6 Let M be a maximal ideal of A. Then A/M is a field
and if for some closed ideal I, A/I is a field then I = M a maximal
ideal.

For an example one can see that C[0,1]/M = R (or C) were M is
maximal ideal of C]0, 1].
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11.1 Analytic functions

Let z be a function from C to the algebra A, thatis, z()\) € A for every
A € C. We say that the function z()) is analytic at )\ if the complex
derivative z/()\¢) exists (convergence with respect to the norm of the
algebra A). Then for any f € A*, f(z()\)) is an analytic function (this
can be also taken as an equivalent definition to a function z being
analytic).

An example is the the function (z—\e)~!. This function is analytic
at every regular point A € C (meaning, at every point that the inverse
element exists). For this function we have:

(z — Ale)_l —(z— >\26)_1
A — Ao

(11.6) =(z—Me) 1z — Aoe) !

which gives ((z — )\e)*l)i\ = (z— Xe) 2.
The Cauchy integral is defined by

(11.7) f </Fx()\)d>\) :/Ff(a:(A))dA

for all f € A* where I is a rectifiable curve. Now we have the follow-
ing theorem:

Theorem 11.1.1 (Cauchy) Let I' = 0D as above, D being simply
connected and z(\) is analytic in a neighborhood of D. Then,

(11.8) / z(A)d\ = 0.
T

Indeed, let [.z()\) =y. By the Cauchy theorem for complex func-
tions we have that [, f (z(X\0)dX = 0 = f(y). Hence f(y) = 0 for all
feAthusy=0.

Corollary 11.1.2 (Integral representation)

L[ =)

(11.9) 2N =5 - ey

Note that we also have f (z()\))' = f (2/()\)) and the Taylor expan-
sion is valid:

(A — Xo)?

20 () + -

(11.10)  z(A) = z(Xo) + (A — Xo)z' (o) +
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and the radious of convergence is the distance to the closest singu-
lar point of z()\).

Example: (e — Az)~! = > 0°A\"z", it converges for small A\ but
then convergence is extended to the first singularity. The radius
of convergence is R = 1/lim, ||z"||'/*. To see this first note that
the above limit exists: let a, = ||z"| then ayim < a, - an. Thus,
mk+1 < af' - a;. So limsup a}l "< a,lc/k. Taking now lim inf both sides
we are done.

Theorem 11.1.3 (Liouville) Let z()\) be an analytic function for all
A € C which is assumed to be uniformelly bounded, that is, ||z(\)| <
C. Then z()) is constant.

Proof: From the known Liouville theorem for analytic functions
it follows that if f € A* the function f (z()\¢) is constant. Lets say
that f (z(A\o) = ¢s. So, fixing any A\ we have that f (z(\)) = f (z(Xo))
for every f. Thus z(\) is constant. O

Theorem 11.1.4 The spectrum of every z € A is not empty.
Recall here that the spectrum o(z) is the set of A € C such that

(x — Xe) is not invertible.
Proof: If o(z) = () then for every A € C

-1
(11.11) I =207 = (e=5) I
But,

x 71
(11.12) (e—X> Se

as A tends to infinity, and this means that || (e — %)71 || is bounded.
Thus (z — Xe)~! is a constant and sending ) to infinity we get (z —
Xe)~! = 0 which contadicts the invertibitily of z — Xe. O

Corollary 11.1.5 (Gelfand-Mazur) If a Banach algebra A is a field
then A = C.

Indeed, o(z) # Let A € o(z). Then z — Xe is not invertible hence it
equals zero as A is assumed to be a field. Hence we proved that for
every z € A there exists A € C such that z = Xey.
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Corollary 11.1.6 For any maximal ideal M C A there is a natural
(algebraic) isomorphism fy; : A/M ~ C.

This implies that codimM = 1 and thus M is a hyperplane. Also
fu is a multiplicative map, meaning that fj,; is a multiplicative lin-
ear functional:

(11.13) Imz-y) = fu(z)- fuly)
(11.14) fale) = 1

Corollary 11.1.7 IfT : A — C is an algebraic homomorphism onto C
then KerT = M is a maximal ideal.

Now for such homomorphism Ty, (with KerT); = M a maximal
ideal) we define x(M) = Ty (z) € C.Thus z(M) satisfies the following
properties.

(i) (Il + $2)(M) = Il(M) + $2(M)

(i) z129(M) = z1(M)zo(M) and e(M) =1

(iii) z € M iff z(M) = 0 and M; # M then there exists z such that
.’IZ(Ml) 7'5 .’IZ(MQ)

Corollary 11.1.8 (a) There exists z~! iff z(M) # 0 _for every maximal
ideal M.
(b) o(xz) = {z(M) : M is a maximal ideal}

(iv) |z(M)| < ||z|| and the norm of any multiplicative functional
fu equals one: || fy] = 1.

Indeed, |e+ z|| > 1 for all z € M (otherwise z is invertible and
does not belong to M) and

(11.15) IAe + z|| > |A|

for every z € M. Thus, fy/(Ae +2z) =X and ||fi]| = 1.

Moreover in the opposite direction, f(Ae+z) = A is a definition of
a linear functional f,; such that KerF,; = M and it is multiplicative.
So this is the construction of a multiplicative map.

Let W be the Wiener space that consists of elements of the form
z(t) = Y. a,e™ where the series is absolutely convergent, i.e.,

> lan| < oc.
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Theorem 11.1.9 (The Weiner Theorem) Ifz € W then 1/z(t) is an
absolutely convergent series with

1 (e.@)
(11.16) e =>,
and ) |b,| < oc.

Proof: We first describe a maximal ideal M of W. Let ¢*(M) = a.
Then e~ (M) = a~! and ||e®||w = |le”"||lw = 1. So |a| < 1 and |a~!| < 1
which gives |a| = 1 and there exists t; such that a = ¢*°. By linearity
and multiplicativity we get that

(1 117] <Z Ckeikt) (M) — cheikto’

-n —-n

for all n,m,c;. Thus, by continuity, for any z € W z(M) = z(to).
Therefore M = {z €¢ W | z(t¢) = 0}. Hence, z(t) does not belong to
any maximal ideal and there exists 2! € W. O

Let now A be a Banach algebra of functions f()\) which are ana-
lytical for |A| < 1 and continuous on |A| < 1. Let

(11.18) 1£1l.4 = mas|f(A)]

We want to describe the set M of maximal ideals of A. Let M € M
and z()\) = z be a generator function. Let z(M) = z,. Since ||A||4 =1,
|XAo| < 1. Then 2"(M) = A\j and z(A\)|p = z(X\o) for any z € A. Thus,

(11.19) M={z| |\ <1}

We study now the space M(A) of maximal ideals of .4. We equip
M(A) with the w*-topology (remember that M C D(A*) the unit ball
of A*). Also note that z(M) are continuous functions on M (by the
definition of the w*-topology) and (M, w*) is a Hausdorf{f space.

Theorem 11.1.10 (M(A),w*) is compact.

Proof: For every z € A consider Q(z) = {z € C| |z| < ||z||}. Clearly

(11.20) MA) C J] Q=) =K
e A
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is compact in the w*-topology on M(A). Moreover,

Ex) 3 Taz+by (E) =

where 7,(7) is a z-coordinate of 7 =[], , Q(z).

The conditions that define M(.A) are all closed conditions in the
w-topology. So, M(A) is a closed subset of a compact set and hence
compact in itself. O

Corollary 11.1.11 If(M,T) is compact in some topology T and x(M)
is continuous in T for every x € A then T = w*.

Proof: Consider the map Id : (M,T) — (M, w*). Any basic neigh-
borhood in w* is also a neighborhood in 7-topology because z(M)
is continuous, and by the Hausdorff theorem (since 7 is compact
topology on M and w* is a Hausdorff topology) it follows that /d is a
homomorphism. O

Exercises. 1. W : M(W) = S! (with the natural topology).

2. M (C(S)) = S for any compact metric space S.

3. M(A) = D (the unit disk)

So, in these examples, M is a natural domain of functions.

11.2 Radicals

Definition 11.2.1 Consider the homomorphism

(11.21) T: A= A={z(M)|Vz e A} = C(M)
The set
(11.22) R =ker(T) = {z | z(M) = 0}

is called the radical of the algebra A.

Clearly, the radical is an ideal. Also z € ker(T) iff there is (e —
Az)~! for every ) € C (meaning that (e — Az) ! is an entire function).
Then the corresponding series at A = 0 converges in all C and the
radius of convergence equals infinity. Thus we have arrived at the
following theorem:
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Theorem 11.2.2 z € R {ff lim ||z"|'/" = 0.

Such an z is also called a generalized nilpotent.
Example. Consider the space L;[0,1] = L]0, 1] & Xe. Let zo(t) = 1.
tn—l

It is a generator of this Banach algebra and (z()" = (e Thus,
1 1/n

lzgll = -7+ l|=ol|/™ — 0 and for every x € Ly[0,1] is in the radical. So,
R(= L;) is the only maximal ideal. Existence of (non-trivial) radical
is a “bad” property for the general theory but has an interesting
consequence for the theory of integral equations:

consider the equation

t
(11.23) u(t) — A/O k(t — T)u(r)dr = f(t)

where f and £ are in L;[0,1]. Then for every X there exists solution
u € L1]0,1]. Indeed, the equation (11.23) can be rewritten as

(11.24) u—MNk*xu)=for(e—Ak)xu=f.

Since k is in the radical there exists (e — Ak) ' and u = (e — \k) % f
(so it is a Volterra equation and o (k) = 0).

Theorem 11.2.3 Let ||z|. = a = sup{|z(M) | M € M}. Then a =

lim ||z"]|*/™.

Proof: (z — Xe) is invertible for all |A\| > ¢ means that there exists
(e — pz)~! and it is analytical in |u| < L. Thus a > lim||z"|'/" From
the other side though, sup |z"(M)| = ¢™ and ||z"|'/" > a. We see that
the limit lim ||z"||'/" exists and equals a.

Next we consider Banach algebras with radical equal to zero,
called semisimple Banach algebras.

Theorem 11.2.4 Every algebraic isomorphism T : A, — A between
two Banach algebras A; and As is also a topological isomorphism.

We will actually prove a stronger statement:
Lemma 11.2.5 [f A; C A, is a subalgebra (both algebras are as-

sumed with zero radical),and the sets of maximal ideals satisfy
M(A;) = M(Ay) then z; — z (in Ay) implies z; — x (in As).
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Proof: Introduce a new norm on A; by,

(11.25) ||| max {1, [|][2}-

If z; is a Cauchy sequence in | - | then it is also Cauchy in both
norms | - ||; and || - ||2. Now, both spaces are complete, thus z; — =
(in | -|1) and z; — y (in | - |2). But for every maximal ideal M,
z;(M) = a(M) = z(M) = y(M). This implies z = y. Then z; — =
in || - || as well, which proves completence of (Ajy,| - |1). It follows
from Banach Theorem that || - || is equivalent to || - ||; Obviously,
convergence in || - || implies convergence in || - ||o. O

Corollary 11.2.6 Automorphisms of Banach algebras without radi-
cal are continuous.

Consider now an algebra of functions A(={z(M)}pen).

Problem. When A is dense in C(M)? (i.e. when is it true that
—C
A =C(M)?).

The example of the algebra of analytical functions on the disk D
shows that some conditions are necessary.

Theorem 11.2.7 If A is symmetric, then A is dense in C(M).

This is a form of the Weierstrass theorem. The straightforward con-
sequences of this theorem are:

1. Weierstrass theorems on the density of polynomials and tri-
gonometric polynomials.

2. Let S and T be compact metric spaces. The functions of the
form Y 7 zi(s)yi(t) are dense in C(S x T)).

3. If A is symmetric and ||z%| = |z||? then A = C(M) [Indeed,
max |z(M)| = ||z| and A is dense in C(M)].

11.3 Involutions

Definition 11.3.1 We call involution a map x — x* with the proper-
ties:

a (z*)* =z

b. Az + uy)* = A\z* + iy*  (anti-linearity)

c. (zy)* =y z*.
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The main example of involution for us is the dual operators for an
algebra of operators in a Hilbert space.

We call z* the conjugate of z.

Examples. 1. C(5): z(s)* = z(s)

2. Le A be the analytical functions on D. Then z(¢) — z(€)
(meaning Y a,&" — > @,¢") is an involution.

3. Let Qo be the set of pairwise commutative normal operators
from a Hilbert space H to itself. Then consider the norm-closure
of the algebraic span: @ = algspan(Qo;i; Qj). We obtain a closed
subalgebra of L(H — H) such that for every T € Q we also have
T € Q. So, ) is a commutative Banach algebra with involution.

A few more definitions follow: if z = z* then z is called self-adjoint
element. For every z € A, x = y + iz where y and z are self-adjoint
and this decomposition is unique (‘”J’Q‘”* and ‘ng* = 2)

Note that z is invertible iff z* is invertible (zz ! = ¢ iff ((z~!)*z* =

e).
An algebra A with an involution * is called symmetric iff z* (M) =
z(M). Of course if (4, ) is symmetric then A is symmetric.
We add now an other property of the convolution:

Definition 11.3.2 A Banach algebra A with involution * is called a
C*-algebra iff
(11.26) ™[] = [l - llz*].

Theorem 11.3.3 (Gelfand-Naimark) If A is a commutative C*-alge-
bra then A = C(M).

Proof: We will prove this by showing that ||z?|| = ||z||*> and A is
symmetric. Now,

(11.27) I(z2*)?]| = llza* (z2*)*|| = llzz™||* = ||z ][]

From the other side, using commutativity we have that the same
expression is equal to

(11.28) 122 (%)l = [l Il ()]
This implies that we have equality, that is,

(11.29) |z?%|| = ||z||* foreveryz € A.
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Now assume that A is not symmetric. Then there is zy and M,
a maximal ideal, so that z{(My) # zoMy. Then Im(zy + z§) (M) # 0
and there is an element

o + a — Rel(wo + 1) (Mo)le

11.30 h =
(11.30 Im(zo + a) (Mo)

We see that h = h* and h(M;) = i. Som (h—ie) is not invertible. Then
it follows that (h = ie)* = h + ie is not invertible meaning that there
is a maximal ideal M; such that h(M;) = —i. Thus for every ¢ > 0

(11.31) (h + tie)(Mo) = (1 + )i and(h — tie) (M) = —(1 + t)i.

Therefore, ||h + tie|| > 1 + ¢t. Finally

(11.32) |h? + t2e|| = ||h + tie| - |h — tie| > (1 +t)?
and

(11.33) 112 + Pell < 12| + ¢2.

This is a contradiction because it is wrong that C + t> > (1 4 t)? for
a large ¢t no matter what is the constant C. O

This theorem implies a spectral decomposition for a family of
pairwise commutative operators. But before we show this, let us
establish a few additional properties and examples of symmetric
algebras with involution.

Theorem 11.3.4 (A, ) is symmetric iff (e+xx*) is invertible for every
z € A.

Proof: It is obvious that (A, x) being symmetric implies that (e +
zz*) is invertible. For every M,

(11.34) (e + zz*) (M) =1+ |z(M)> > 0.

In the opposite direction, let us show that if x = z* then z(M) € R.
It is enough to prove that for any a € R and b € R\ {0} the inverse of
(z — (a+1ib)e) exists. Consider,

(11.35)z — (a +ib)e) (x — (a — ib)e) = (z — ae)? + b%e = b?[e + 227]

and hence it is invertible. It follows that (z — (a + ib)e) is invertible.
a
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Example. Let A be the algebra of bounded functions on a set S
with the uniform norm: ||f| = sup,|f(s)|. Let 2,7 € A. Then define
the involution z* = z. This is a symmetric involution. Indeed, for
every = € A, ﬁ € A: let ||z|| = a. Then

(R 1
2 2 a?—|z|?
1+ |z| a?+11_ e
B 1 i a? — |z|? 2
a2 +144\ a?+1
which converges uniformly in A. Now, since ||z?%|| = ||z||?> we have

that A = C(M).

A few important concrete examples are:

1. All bounded continuous functions on (—oo, o).

2. B-almost periodic functions on (—o0,oc). For example: {e/%},
[e’*e + ¢ is almost periodic].

Next we present a criterion for an algebra A being semisimple
(i.e. with zero radical). We call a linear functional f positive iff
f(zx*) > 0 for every x € A and we say that the involution is essential
if for every non-zero z there exists f > 0 such that f(zz*) > 0.

Theorem 11.3.5 Ifthe involution « is essential then A is semisimple.

Proof: Take a positive linear functional f such that for a given x
we have f(zz*) > 0.Then

(11.36) 0 < f[(z + Ae)(z + Ae)'] = f(za") + Af (&7) + Af () + |Alf (e),

for every A € C. Take A € R and then ) € iR; we obtain f(z*) = f(z)
[because A € R gives Imf(z*) = —Imf(z) and A purely imaginary
implies Ref(z*) = Ref(z)]l. Put now A\ = f(z)t for t € R. Then (for
every t € R)

(11.37) 211 (@) f (e) + 2| f (z)* + f(z2*) > 0,

which means

(11.38) Flaz®) fe)lf (@)[* > | f (2)[".

Thus, |f|? < f(e)f(z2z?). Let z = zz?. Then similarly |f(z)]* <

fle)f (=),
F@)] < fe)'2f ()"
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= f(e) max|(z2")(M)|'/2,

as n tends to infinity. Using this inequality for z instead of z = zz*
and a special positive functional f such that f(z) > 0 we get

(11.39) 0 < f(2) < f(e) max [5(M)] - 4" (M)).

This implies that z(M) # 0 for some M and z outside the radical.
Thus the radical is zero. O
Now we return to the spectral theory of a family of commutative
normal operators ) and H. Let A = algspan|Q, e, Q*] — L(H) where
the closure is in the strong operator topology. Clearly A has invo-
lution A € T — T* € A and A is a C*-algebra. So, A = C(M) which
means that there is a correspondence (map) which is algebraic ho-
momorphism:
(11.40) C(M) — A< L(H — H).

For every f € C(M) corresponds a Ty € A, Ty : H — H with the
following properties:

1. If f is real-valued then T} is self-adjoint (since involution is
symmetric: f— T =T} ).

2. f > 0 implies that Ty > 0 (because f = /f/f and thus,
Ty =T75).

3. (Tyz,y) is a three dimensional functional; in particular it is
linear on C(M) for fixed z and y. Therefore there is a measure /i,
on M such that:

(11.41) (Trz,y) = / fdpg,y for any f € C(M).

M
Our purpose now is to extend this correspondence to the class of
Baire functions on M. In particular:

4. Define for the characteristic function x of a “good” subset
(Borel subset) an operator by

(11.42) (Txx,y) = /M Xdﬂm,y [= X(Nm,yax € C**]

Let us check the properties of this correspondence x — T, : H — H.
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5. By multiplicativity: (¢f — Ty; = T, - Ty) we have
(1 1.43] fd/ﬁLydqum,y = d,uLT;y,

since [ ¢fdusy = [ ddur,s,y and so on...
6. Using (11.42) and (11.43) we have that

(1 144]Xd,um,y = d,UTX:v,y and x1X2dfizy = deMTXQ:c,y = d,UTXlTXQ:c,y-

So,
(11.45) Tyioxs = Ty - Ty

thus our extension on Baire functions is multiplicative.

Lemma 11.3.6 If S € L(H — H) is such that for every f € C(M)
STy =TS then T\, commutes with S for any Baire function x.

Proof: (TySxz,y) = (Tyz,S*y) which implies

(11.46) /fdMSX,y = /fd,u:c,s*y

hence

(11.47) dMS:c,y = d:u:c,S*y-

Then

(11.48) XApszy = Xdpz,s5+y-

Therefore (T Sz,y) = (T\z,S*y) and TS = ST). O

Lemma 11.3.7 IfTT =Ty Jor every f € C(M) then Ty = Ty where x
is any Baire function.

Proof: Note that du,y = dfiy ;. Indeed, [ fduyy = (Tyz,y) = (Tjz,y) =
(Try, z) = [ fdiyz. Then

(11.49) / Xpizy = / XApyz,
meaning
(11.50) (Txz,y) = (Tyy, z) = (z,Tyy),

so, Ty =T} O
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Corollaries. 1. If x5 is a characteristic function of S C M then
T,s = Es is an orthoprojection (it is self adjoint because xg is real-
valued function and E% = Eg, since x4 = xs). Also, Es commutes
with all operators from the algebra A and therefore is the orthopro-
jection on an invariant subspace for all these operators.

2. The individual spectral theorem: Let 7' = T* and let A be
an algebraic envelope of 7', closed in the strong topology. Let T'
be the corresponding function in C(M). Let -1 < T < I. Then
—1 < T(M) < 1. Take an e-partition —1 = g < A\; < ... < A\, =1 and

n
(11.51) 17 = 3" X (Br = Baisy) o <&
1

for functions in C**. This implies that

(1 152) ”T - ZAZ (E)\z - E/\i—l) ”op <e

and
(11.53) T:/)\dE,\.



Chapter 12

Unbounded self-adjoint and
symmetric operators in H

DomA, the domain of A, of a Hilbert space H. Then the pair
(A; DomA) is called an operator. We always assume that
DomA = H and we use write D4 instead of DomA.
Let, for given y € H, y* be such that for every = € Dy

l ET A BE A LINEAR operation defined on some (linear) subset

(12.1) (Az,y) = (z,y").

Then we then write y* = A*y. The condition D, = H guarantees that
if such a y* exists then is is unique: if (Az,y) = (z,y]) = (z,y5) then
(z,y7 —y3) =0 for all z € D4 hence y; = 5.

The operator A* has a natural domain, that is, the set D4~ con-
taining all y for which the y* exists.

Examples. 1. Let H = L,[0,1] and Az = —z” with domain Dy =
{r € H : 32" € H and z(0) = 2/(0) = 0}.

2. The same space and operation as above but with domain
Dy={x € H : 2" € H and 2(0) = 0}. We will see that this is a very
different operator than the previous one.

Two other examples would be if we start with the Hilbert space
LQ[O, OO) .

The notion of closed graph operator (or shortly, just “closed op-
erator”) will play an important role in what follows.

Definition 12.0.8 The operator (A;D4) is called a closed operator iff
Jor any z,, € Dy such that z, — x € H and Az, — y € H it follows
that z € Dy and Az = y (that is, y € ImA).

127
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Some first properties of the dual operator A* are the following:

1. A* is closed operator: it is obvious that if y, — y, y;, — y* and
(Az,yn) = (z,y;) for every x € Dy then (Az,y) = (z,y*) which means
that y € Dy« and A*y = y*.

2. We say that A; C A, if Dy, C Dy, and Ayz = Az for every
x € Dy, (that is, A2|‘DA1 = Ay). It is clear that A; C A, implies
A7 D AL

3. For any operator (4,D4) we define A the closure of A (if it
exists) to be the operator with the graph grA = grA. Of course,
it may happen that the set grA C H x H is not the graph of any
operator. We say that A permits the closure if the closed operator A
exists.

Now if A permits the closure then 4” = A* (obvious) and if (A*)*
exists (which means that D4+ is dense in H) then

(12.2) AC A,

We call A a symmetric operator if Dy = H and for every = € Dy

(12.3) (Az,y) = (z, Ay).

Therefore A C A* (and it is, in fact, the definition of symmetry of A).
Observe that any symmetric B O A (symmetric extension) satis-
fies B C A* (because B C B* C A*). So, all symmetric extensions B of
a symmetric operator A stay between A and A*, thatis, A C B C A*.
We call A a self adjoint operator if A = A*. Note that if ImA = E #
H then kerA* # 0 (meaning that 0 is an eigenvalue of A*): indeed,
(Az,y) = (z,A*y) and y L F means A*y = 0.

Theorem 12.0.9 Let A be a symmetric operator with D4 = H. Then
A is a bounded operator.

Proof: For every z € H, (Az,y) = (z,Ay). Consider a family
{Az}zep, . Then {|(Az,y)|}zen, 1S a bounded set for every y because
|(Az,y)| = [(z, Ay)| < ||z] - ||Ay|. By the Banach-Steinhaus Theorem
it follows that {Az},cp, is bounded meaning that A is a bounded
operator.

Before we continue to develop the general theory let us consider
a few examples.

Examples. la. Let A; be an operator on Ls[0,1] defined by the
operation Az = ifz. Let

DomA = {z € Ly[0,1] : z is smooth function; z(0) = z(1) = 0}.
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Then,

1
(Az,y) = (,97) = /0 sFdr

= I(/Oty_*dT—l-c) |§:O—/m’ (/Otg*errc) dt
_ /Ol(m) </0t iy )dr +c> .

So, since {Ar}, .pom4 IS dense in Ly, y = fg —iy*+c. Therefore there
isy' € Ly and ¢ = —iy*. Thus y*A*y =iy’ and Domu- ={y € H : ¢ €
Ly} (note the lack of boundary conditions). Hence A is symmetric
and A C A*. A is not closed (since DomA was chosen to be “too
small”). But A admits a closure and A; = A i.e. A;z =iz and

(12.4) Domy, = {z € Ly[0,1], 2’ € Ly and z(0) = z(1) = 0}.

1b. Let A, be an operator defined on H = Ly[0,1] and
(12.5) DomAy = {z € H | 2’ € L»[0,1] and z(0) = z(1)}.
Thus, As DO A;. Therefore y* =iy’ (A5 C A3).

1
(Az,y) = / oL

1 _
— iz (VD) — 2(0)5(0)] + / st

Now, the quantity K = iz(1)[y(1) — y(0)] must be zero because
(Az,y) = (z,y*) and there exists z, — 0 (in L) but z(0) = z(1) = 1.
Then (Az,y) /4 0 but (z,,y*) — 0 a contradiction. So y(1) = y(0) and
we see that A5 = A,; this operator is self-adjoint.

Let us return to la and 1b examples and compute the eigenval-
ues and eigenfunctions of A*.

In the la example, A*z = iz’ and

Da- = {2’ € Ly : mno other conditions},

iz’ = \z. So, z = ™' and a non-trivial solution exists for every

A. Moreover dimker(A* — A\I) = 1 meaning that codimIm(A — \I) = 1.
We call this codimension “index of defect”. It may be shown that it
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is the same number (for symmetric operators) for A\, ImA > 0 and
(probably another) the same for A, ImA < 0. Thus in this example
the indices are (1,1). (Note that Az = iz’ has no eigenvalues because
the solution of the equation does not satisfy the conditions z(0) =
z(1) =0.)

In the 1b example now, A* = A and the conditions are z(0) = z(1).
This gives 1 = eMiand A\ = 27n, n = 0,+1,+2,... . So, there are no
solutions for ImA > 0 or Im\ < 0 and the indices are (0, 0).

lc. Let Ly[0,00) : Az =iz’ and Dy = {x € Ly | 2’ € Lo, 2(0) =
0}. (We start first with smooth functions of finite support and then
take closure.) Then the same line of computation as in example la
implies
(12.6) A*z =iz’ and Da- = {z € Ly | 7' € Lo}.

Thus A is symmetric (A C A*). Computing the eigenvalues of A* we
see that z = /! is an eigenvalue only if Im\ < 0 because z must be
in Ls[0,00). Thus the indices are (0, 1).

2. The operation Az = —z".

2a. In Ly[0,00) let
(12.7) Da={x € Ly | " € Ly and z(0) = 2'(0) = 0}.

Again, we start with D4 which contains only smooth functions of
finite support but then take closure. First in the same way as in la
we show that y € Dy- implies that there exists y"” € L[0,00). Then
we proceed as follows:

oo o o
(Az,y) = / (—2")gdt = —2'g]5° + / 'y’ dt
0 0
= (=27 +ayl + (@ —y").
(if y = = we see that (Az,z) > 0). So, y* = —y"” and
(12.8) D ={y € Ly | y" € Ly no boundary conditions}.

Call this operator A4;. So, A; C Aj and it is a symmetric operator
but not self-adjoint.

2b. Consider the same operation in the same space Ls[0, c0),
Az = —z” but now

(12.9) Dy = {r € Ly | 2" € L5]0,0) and z(0) = 0}.
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Call the operator we obtain A;. Obviously 4; C A, and A5 C A}. So,
y € Dy; implies that there exists 3" € L»[0,00). Repeating the above
line of computation we have that for y € Da;

(12.10) (z,y") = (Az,y) = =2"(0)y(0) + (=, —y"),

and we must have y(0) = 0 (otherwise we take z, — 0 in L, but
z}(0) = 1 arriving to a contradiction). So, A; = A} and A, is a self-
adjoint extension of A;. Computing now indices of defect of 4; and

Ay we have to look for eigenvalues of the dual operators A} and Aj:
(12.11) " =Xz

and z(t) = c1e™VM + ce~VA, However we are looking for solutions
z(t) € L3[0,00). So, if ImA # 0 only one of the functions eV or ¢ iV
remain. Therefore the indices of A; are (1,1). In the case A = A
there is another condition z(0) = 0 and no such solutions exist.
Thus, the index of A is (0,0).

3. Let Ly(—o0,00) and Az = tz, Dy = {z € Ly | tz € Ly}. Obviously
A = A* and the operator is self-adjoint.

12.1 More Properties Of Operators
We add to Theorem 1 above a few more facts.

Theorem 12.1.1 If A is a symmetric operator and ImA = H then A
is self-adjoint.

Proof: Take any y € Dy-, A*y = y. Since ImA = H there is x € Dy
and Az = y*. Let us show that x = y which would mean D« = Dy
and A = A*. So, for every z € D4 we have that

(12.12) (Az,y) = (2,y") = (2, Az) = (Az, )
by the assumption. Thus, y = z.

Theorem 12.1.2 If A is a self-adjoint operator and there is a_formal
inverse A~! (meaning that kerA = 0, i.e. A is one-to-one from D, to
ImA) then A™! is also self-adjoint.
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Proof: First if kerA = 0 and A = A* then ImA = H. Indeed, if ImA =
E ;Cé H then there is a yy # 0 and such that A*y, = 0; but A* =
A and kerA # 0. So, Dy-1 is dense in H. To describe the dual
operator (A~!)" we should consider the equation (A~'z,y) = (z,y").
Let z = A 'z. Then (z,y) = (Az,y*). Since A is self-adjoint, Ay* =y
and y* € Dy. Thus, y € ImA = D4-1 and y* = A~'y. We see that
(Ailxvy) = (vaily)' U

Note that the Theorem 3 gives us many examples of self-adjoint
unbounded operators. Start with any self-adjoint compact operator
A without non-trivial kernel. Then A~! is an unbounded self-adjoint
operator.

12.2 The Spectrum o(A)

Similarly to the case of the bounded operators we say that A € C is
a regular point if there exists a bounded operator (A — AI)~!. The
spectrum o(A) consists of all non-regular points. We devide ¢(A) in:

(i) the point spectrum o,(A) of eigenvalues of A, that is, X €
op(A) iff there exists an = € Dy such that Az = Az (i.e. kerA # ().

(ii) the continuous spectrum o.(A) where A € o.(A) iff A ¢
op(A) and Im(A — A]) is dense in H (but not equal to H). Of course,
A — )\ is defined on Dy.

(iii) the residue spectrum o;(A) where \ € o,.(A) iff A — I is
one-to-one, thatis, A ¢ 0,(A) and Im(A — \I) # H.

Now let A C A* (i.e., A is symmetric). Define D4(A) = Im(A — AI).

(@) Da()) is not dense in h iff X € 0,(A). Indeed, D is the span of
eigenvectors of S* for \.

(b) Again, A C A*; then A € o0,(A) implies that A € R. and if
A1 # Ag are both in 0,(A) the the eigenvectors Az; = \jz; for i = 1,2,
are orthogonal: (z1,z9) = 0. As for bounded operators,

(12.13) Mz, z) = (Az,z) = (2, Az) = Mz,2) (3 € Dy).

(c) Let now z = A +iu for A\, u € R with i # 0, and let A be a closed
symmetric operator. Then D 4(z) is a closed subspace.

Proof of (c). Note that for symmetric A, Ay = A — AI is also sym-
metric (for A € R). For z € D4 we have

| Az — zal® = [ Axal? = (Axz,ipa) — (ipa, Ayz) + p(z, 2)
2.

Vv
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So, (A — zI)~! is formally defined (z ¢ 0,(A) because 0,(A) C R)

and .
(12.14) (A= 2D p, @l < Tl
Thus, A —2I : Dy — Dy(z) — H is “onto” and bounded operator
and (A — zI)~! : Dy(z) — D, is also a bounded operator. But a
bounded operator is extended on the closure D,(z). Now we recall
that A, = A — I is closed, therefore A, ! is closed which means that
DA(Z) :DA(Z). O

Combining (a), (b) and (c) in the case of the self adjoint operator
A = A* we have that if z € C\ R, then D4(z) = H (otherwise z €
op(A*) = 0p(A)). So, the index of A is (0,0) and o(A4) C R.

Let now A € R. We will show that ¢(4) = 0,(4) U o.(4). If
Da(A) # H then Moy(A). If Dy(X) = H then there exists the in-
verse (A — AI)~! and it is bounded. Indeed, A — A is self ad-
joint; by Theorem 3 (A — M)~ ! is self-adjoint; then by Theorem 1
PRPPIPIPIPRPPIVIPIPPPPIVIVIPIPVP

12.3 Elements Of The “Graph Method”

Theorem 12.3.1 Let D4 = H. If A admits a closure, then A** exists
and A** = A. In the opposite direction, if A** exists (meaning that D -
is dense in H) then A admits a closure and A** = A.

Proof: Let
I'A) ={(z;Az)}zep, CH=H® H

be the graph of A. Consider the unitary operator U(z;y) = (y; —z).
Note that U? = —I. Then

Houl'(A) ={(y;y") : (Az,y)—(z,y") = (U(z; Az), (y;y")) = 0} = [(4").
(12.15)

The above line means that if UT'(A)+ is a graph of some operator
then this operator is A*. Now, if I'(A4) is closed then

(12.16) H=UT'(A) ®&T'(A")
and applying U (which does not change H) we get that

(12.17) H = UL'(A*) @ T(A),
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since U? = —I and —-I'(A) = I'(4). So, I'(A) = I'(A**). Similarly in
the case that A exists: UT(A) = UT(4) and the equality H = I'(4*) =

UT'(A) implies that I'(A) = I'(A*).
Also in the inverse direction, if A** exists then v(A**) =T'(4) and

I'(A) is a graph of some operator called (by definition) A. O

12.4 Reduction Of Operator

Let £ @ E2 = H and let P be an orthoprojection onto the subspace
E,. We say that E; reduces A iff PDy C D4 and F4, Ey are invariant
subspaces of A. Note that the linearity of D4 implies that (I—P)D4 C
D4 and for every x € Dy Az = Az + Az where z; = Pz and z9 =
r — I.

Lemma 12.4.1 F reduces A iff
(i) PD4 C D4 and
(ii) PAx = APz for every x € Dy.

(Here as before, P is the orthoprojection onto £.) The proof of this
lemma is obvious.

Theorem 12.4.2 (Decomposition) Let A be a closed operator;, Hy, —
H and

o
(12.18) H=0) H,
k=1

the orthogonal decomposition of H into the sum of subspaces Hy. Let
Py, be the orthoprojection onto Hy, and A is reduced by every Hy. Then
€ Da iff Por € Da and Y ° ||APyz||? < oo. Moreover, Az = > ° APyx.

Proof: If © € D4 then Pyx € D4 and P, A = AP,. Moreover for all
z € Dy we have Az = ) P, Az and

(12.19) 1Az]* =Y || PeAa]® = Y | APl < oc.

In the opposite direction, let }" ||AP;z|?> < oo; then Y.} Pz — z and
AN Pex — y. Since H is closed Az =y and z € Dy. O

An example of spectral decomposition is provided by the follow-
ing theorem.
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Theorem 12.4.3 Let { £}, be a spectral family of orthoprojections
E,, ie., Ex — 0 in the strong sense as A\ — —oo. and E\, — I as
A= o0, By < E, for \ < uand Eyy¢ = E\ (semicontinuity from the
right). Consider the operator A with

D= {z] / Nd(Exz,7) < 00}

and
0
A:/ AE),
—0o0

which means that for © € Dy, Az = ffooo MEy\z. Then A is a self-
adjoint operator and

| Az|? = /)\zd(E,\x,x).

We say that A has a spectral decomposition.

Proof: All properties but the self-adjointness of A follow imme-
diately from the theorem of decomposition (obviously the sequence
fi\/]lv MdEyz is Cauchy). To prove that A is self-adjoint, let P_y =
Eyr — E_y be an orthoprojection. Then for every z,y € Dy

M M
(12.20) (AP_n.mz,y) = / M(Eyz,y) = (a:,/ ME\y)
N N

and (Az,y) = (z,Ay). So, A is symmetric and AP_y .y = P_y uA.
Now for all y € Dy

(12.21) (AP_n vz, y) = (P-nmz,y"),

which implies that (Az, Py my) = (2, P-y,umy*) for all 2 € Dy. Put-
ting together (12.20) and (12.21) we get that for every z € Dy

(1222] (.T,A*P_N7My) = (x,P_N,MA*y)
which implies A*P_y yy = P_y,mA*y and this is (by (12.20)) equal

to
M
—-N

Thus, sending both N and M to infinity we get that

(12.23) A%y = / AE\y = Ay

— 00

and y € D4 (since the convergence of the integral is in norm). O
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12.5 Cayley Transform
Let A be a closed symmetric operator. Define for every X € Dy
(A+i)z =y

(A—il)z = 2.

We proved before that H; = D_; = Im(A —iI) are closed subspaces of
H. Also both operators A + il are one-to-one because +: cannot be
the eigenvalues of a symmetric operator. So, = defines both y and z
in a unique way. Then the operator z = Vy is defined. We checked
that

lyl* = Az | + fl[|* = ||=]*

and V is an isometry. Note that 1 is not an eigenvalue of V because
z =y implies that z =0 and z =y = 0.

We call this isometric operator V. : H; — H, the Cayley Trans-
form of A. The inverse transform is

1 1
T = Z(I —V)y and Az = E(I—i—V)y.

So, Az =i(I+V)(I - V) 'z

Remark 12.5.1 We proved before that A is self-adjoint implies that
H, = Hy = H (the indices of defect are (0,0)) and V is a unitary
operator.

Theorem 12.5.2 [f A is a closed symmetric operator and the Cayley
transformV is a unitary operator (i.e., Hy = Hy = H and the indices of
defect are (0,0)) then A is self-adjoint with a spectral decomposition
E\F, and t = —ctg(s/2), where {F;}2" is the spectral decomposition of
V. This means that

o0
(12.24) Dy={z| / t2d(Fyz, ) < oo}
and
o
(12.25) Az :/ tdE;x.
—0
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Proof: Let z € Dy and = = o (I — V)y. Then

1 S

_ AT
=%/, (1 e )dE'T

1
(12.26) Fu = o-(I - V)Fy

and

1 S
(12.27) (Fya,a) = 5 (1 =V =V ) Ey.y) = / sin? gd(FTy,y),
0

where we used that 2 — €7 — ¢™'" = 4sin? 7. Similarly, for z € D4 we
have that

1 1 [2r )
(12.28) o= 3T+ V=3 [ (1+e)apa,
0
which, using (12.26), gives:

% 27r1+e1'51_eis
2 ), T—es 25 %Y
27 is
1
- / i iR
0 1—e¢€

27
= —/ ctg(s/2)sFsx
0

o0
—00

Now, using (12.28), for = € D4 we have that

Ax =

1 -
|Aal? = (As,A2) = 3 (2T =V = V"))

2T cos?(s/2) .
= R B A 2)d(F.
|| Sy sin /2Py
and by (12.27) it follows that this equals
o

27
/ ctg?(s/2)d((Fyz.z) = / 2d(Byz, ).
0

—0o0

This means that z € D4 implies [*_ t3d(E,z,z) < oc.
The last part of the proof shows that if x is such that

o 27
/ t?d(Eyz, ) = / ctg?(s/2)d(Fyx, x) < oo,
0

— 00
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then z € D4. To show this we have to find y € H such that W =
z. In order to find such a y we start with the information

2w
/0 ctg®(s/2)do(s) < oo,

for o(s) = (Fsz,z) being a monotone function of bounded variation:

2T
(12.29) / do(s) < 0.
0
Then also
21 1
12.30 ——d .
( ) /0 sn2(s9) o(s) < oo

Therefore there exists

2m efz's/Q
= £ ___4F,
Y /0 sin(s/2)

(2™ =" F,z which exists be-

[Indeed, consider first the y., = |/ 5575

cause it is the integral of a continuous function; we cut off singular
points. Then observe that it is a Cauchy sequence whene — 0, n — 0
since (12.30) exists.]

Consider now (I —V)y = 02”(1 — €)dF,y and note that

s e—iT/Q
Foy = —/ £ _4F.x.
0

sin(7/2)
Therefore,
21 (1 _ i85 e—18/2
(I-V) = / U= ™ ips
0 sin(s/2)
27
= 22'/ dFx
0
= 2ix
and x € Dy. O

Corollary 12.5.3 If1 ¢ o(V) then A is a bounded (self-adjoint) oper-
ator.
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Return back to the construction of the Cayley transform of a
symmetric operator. Let A; be a symmetric extension of A, A; O A
and A; # A. Then there exists z; € D4, \ D4 which means that

(A+il)zy = y; and (A —il)z = 21 — Viy

and both y; ¢ Hy, 21 ¢ Hs. So, the Cayley transform V; of A; is an
isometric extension of V' and does not coincide with V. This means
that there exists a y; € H \ H; and there exists a z; € H \ H,. Hence
we have the following:

Fact 1. If the indices of defect are (n,0) and (0,n) for n # 0
then A does not have any symmetric extension, i.e., A is a maximal
symmetric (and not self-adjoint) operator.

Let DVl = Hi = H; & Ly and ImV; — Hé = Hy & Ly. So, V;
H, & Ly — Hy® Ly. Also, Vi|g, = V and Vj restricted on L; is an
isometry between L; and Ls. In particular, dimZ; = dimL,. Therefore
we arrive at

Fact2. If the indices of A are (m,n) and m # n then there is no
self-adjoint extension of A [because any self-adjoint extension A;
has Cayley transform V; : H — H meaning that H; & L; = H and
Hy & Ly = H and codimH; = codimHs].

Consider now the inverse question: let V' be that Cayley trans-
form of A and let V; be some isometric extension of V.

Does there exist a symmetric extension A, of A such that V; is the
Cayley transform of A1?

The answer is “yes” and formulas for V builds this extension: we
consider an operator A; with

1
(12.31) Da={z Im:2—i(I—V)y, y € Dy }
and for z € Dya,, z = 5 (I — W)y,
1
A1£B = —(I+ Vl)y

2

In order to see that the operator A; is well defined we need to show
that 1 ¢ o,(V1), i.e., ker(I —V;) = 0. If 1 € 0,(V;) then there exists
yo # 0 such that yo = Viyo. Let us check that such a yy L D4,, which
will be a contradiction because D4, O D4 and Dy, is dense in H. So
for any z € D4, thereis ay and 2 = (I — V4)y and

(12.32)  (yo, ) = (yo, %(I -V)y) = %[(yo,y) — (0, Viy)] = 0,
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because Viyg = yo and (Viyg, Viy) = (yo,y) since V; is an isometry.
It follows that yy = 0. It remains to show that A; is a symmetric
operator: for any zi,z9 € D4, we have that

1
(12.33)  (Awer,22) = — - (T + Vi)yr, (I = Vi)yz) = (21, Arza).

[Indeed,
(Arz1,22) = —%[(yl,w) + Vi1, y2) — (1, Viyz) — (Viyr, Viya)]
= gy — Vi)
Similarly,
(12.34) (21, A1z2) = %((I— Vi)yr, (I +Vi)y2)
(12.35) = %[_(VlylayQ) + (y1, Viyo)].]

As a consequence we have:

Fact 3. If the indices of a symmetric operator A are (n,n), then
there exists a self-adjoint extension A; of A.

Indeed, if V is the Cayley transform of A and V' : H; — Hs,
H=H &®L, H= Hy® Ly, dimlL; = dimLs = n then it is trivial to
build an extension of V' to a unitary operator V; : H — H. The
corresponding symmetric extension A; of A has indices (0,0) and by
the last Theorem it is self-adjoint.

Example. Consider the operation Ay = iy’ on the spaces L;|0, 1],
Ls[0,0), and Ly(—00,00).
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