Chapter 13

The Smple Linear Regression Model:
Theory

13.1 The model

13.1.1 The data

observations response variable explanatory variable
1 Y1 X
2 Y, X,
n Yn X,

Plotting the data.
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Figure 13.1: Displaying the cable data considered by Cohen at al (1993). There are 79
observations of the number of hoursy needed to splice x pairs of wires for a particular
type of telephone cable

If the plot is not linear try a simple transformation to linearity. i.e. log, square root,
square.
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13.1.2 Assumptions for the model

i) The assumption about the linearity of the model
Y =a+pX +¢ for i=12,..,n
i) The assumption about the error distribution for &
a) Full distributional assumption for error term &, .
g ~N(0,6%) and &; and ¢, fori # | areindependent.

Estimation in this case of the parameters o, 8 and o2 is achieved by
Maximum Likelihood.

b) Assumption about the first and second moments of the distribution for & .
E(g)=0
Var(e,)=0o?
Cov(e;,e;)=0

Estimation in this case can be achieved by Least Squares.

iii) The assumption about the x-variable.

The x-variableis not arandom variable and it is fixed at the observed values

13.2 L east squares estimation of parameters

Let S(a,ﬁ)=zn:(yi —a-Bx)°

where the y,; are observed values for the random variable Y,
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In order to find the least square estimatorsfor a and 8 we need to minimise S(a, )
(for fixed y's and x’s) with respect to the parameters « and £.

That iswe find s and % and we set them equal to zero.
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The quantities y, = a + B x arecalled thefitted values.

The quantities & =y, — Y, arecalled theresiduals.

13.3 Properties of the least squar e estimators

Note that both ¢ and /3' are linear functions of they’s . For example for /§ we have

DR SR I WCEE I
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> (x - %)° =
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where S, =Y (x - %)*and C, :(X—S_—)?)_

XX

(Prove the above statement for @ ).
13.3.1 Expected valuesfor & and B

i) E(3)5 :  isan unbiased estimator of 3.

Proof
A .an(x‘ ~ %) E(Y) .il(x' ~%)(a+ px,)
E(f) = = S, - s,
_B2(X -%) % )
S)(X
_ ﬂ (3

(1) sinceif y=) qz=E(y}> cEz)
2) since ) (x;-X)a=0 (proveit)

3 since S, =Y (x,—X)*=>"(x —X)x; (proveit)

ii) E(a)=a : & isanunbiased estimator of o .
Proof: no?:Zn:Yi —ﬁzn: X,
i=1 i=1
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na+ﬁz % _ﬁz X

=Na
or

Proof.

Var(B): I:IS var(Y,)
_o®
Sx
s0
)2 -
Var (B)= s

Proof.
var(d )=var(y)+X > var (ﬂ)— Zicov(y, /3)
But cov(y,ﬁ) =0 (seeExercise13.2), so we have
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13.3.3 The Gauss-Markoff theorem

The least-squares estimators ¢ and [3 have minimum variances among all the linear
unbiased estimators.

13.3.4 The Normality assumption of ¢ and
Notethat if Y isalinear function of normally distributed variables U, i.e.
Y=c¢U, +¢c, U,
Y will be Normally distributed i.e
Y ~ N(u, 0'2).
TheL.S. estimators ¢ and[? arelinear functions of Y, whichis
Y, ~N(a+px,0?)

s0 ¢ and B will be Normally distributed as

T2
a~N| a,o? i+X—
n S,
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13.4 Hypothesistesting

13.4.1 Estimation of o2

Z (yi - )2 Z;:éiz

2

where § =G+ x arethefitted values & =y, -y, theresidualsand n — 2 are the
residual degrees of freedom (df).

13.4.2 t-testfor § and &

~N(0
Notethat if 2( ’1)} then t=—-t(n)
o~x*(n) \F
n

and zand o are independent we have that

B-B
= N (0,1)
VS«
and that
Z(ylzyl) ~%2(n_2)
(o2

Also ,B and Z(yi —y)? areindependent (not proven). So
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n- 2

N S 0’5 N
where = —— = — isthe standard error of 3.
DT s g

We can test hypothesisfor S using the statistics t.

For example to test

Ho: B =5, H :B %P0,
caculate
B-B
t= =
Se(ﬁ))
Now if

>t .
n—2,5
reject the null hypothesis H, and accept the alternative H,, otherwise accept H,.

Notethat a isthesignificant level of the test and not the constant parameter « of the

linear mode!.

To test hypothesis about « i.e.

Ho:a =a, H o #a,
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use the test statistic

13.4.3C.l.for ¢ and B

A (1-a)100% C. . for S isgiven by

13.5 Prediction and Confidence Intervals

13.5.1 Confidence Intervalsfor u, =a+ bx,

Note that the expected value for y, the value of the y-variable when the explanatory
variableisat X, is

E(Y, )=p,=a+Bx,
The fitted value at the point X, is defined as
Yo=fto=0+P X, =¥~ PX+ Pxo =¥+ (% )
with expected values

E(Y, )+ fx,—s, & E(@)=a and E[j)-
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So thefitted value Y, is unbiased for . The variancefor y, is

var(y, )= var(y) + var(B) x, —%)? + 2(x, - X)cov(3, §)

S0 an estimate for the variance is given by.

var(v )=s2 l+ (Xo_i)2
a‘(ye) {n Z(Xii)z}

where s°= > (y, -9)° /n-2.

Since y isalinear combination of Normally distributed variables, it is Normally

distributed; i.e.
oot
Lo Yo~ Ho — ~N(0a)
Flsiy
or
te Yo —Ho “t

soaCl.l for ug, isgivenby

yo itn—Z é X%(yo )
‘2
where
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1

o1, (g=x)° P?
sty Lot

13.52 Prediction Interval for y./ x,, afuture observation for vy, .

Let yg /X, denote a future observation of the y-variable at the x-variable value x,.
Then

E(y; /%, )J=a+B% =,

Since §,=a+f %, isan unbiased estimator for 1, it can be used to predict the mean
of afuture observation yg / X,.

In general in order to evaluate how good our predictor y isfor predicting afurther
observation y* we have to know the mean square error for prediction or PSE.

Definition: PSE(y*)ZE(y*—)A’)2

Theorem: Let ybeanestimateof u andlet y' be anew observation such that
E(y')=pu. Then PSE(y’ J=Var(y") + MSE(§) where MSE(Y) = E(§ — u)?.

Proof:

PSE(y J-E(y"- §f
=E[(y" —pe)-(5-u)f

—Elly—u) -2y~ n)(5-p}+(3-nF]
y" isindependent of ¥, as y isanew observation. Hence

Elly' —u)Xy-w)]=Ely —u)E(-u)=0 as E(y) = u

Hence
PSE(y') = E[(y* —u) + E(S’—H)Z]
= Var (y* )+ MSE(9)
= Var(y* )+Var(§)+(bias)?
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In the simple linear regression example we have

E(y:-y, f=var(y: }var(y,)  since ¥, is unbiased

13.6 Maximum likelihood estimation of the parameters o, § and

2

o’ inthesimplelinear regression.

The likelihood function is the probability of observing the sample seeing asa
function of the parameter rather than afunction of the random variables.

For independent random variables x,, X, ... X, the likelihood will be
LO)=1(x:0)f (% 0).-f(x,:0)
In the simple regression model we have

Y =a+ B X +¢

where
ind ind
&, ~N(0,6%) =y, ~Nla+bx.c?)

E(Y)=a+BX
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var(Y)= o
and 0= (a, B,0°).

Thelikelihood for one observation is

1 1
L(a,b,az;yi } \/ﬁcxp{—za2 (yi —a—bx, )2}

for n independent observations the likelihood will be

L(a,b,azlyl---yn)=lll{ J%Jexp{ Ziz (v, —a—bx )Z}

| e sol- g by}

Notethat S= > (y, - a—px)” isthefunction that we minimised in the least

i=1

sguare estimation approach.

In order to find the MLE'sfor o, B and o we have to maximise L(a, 8,0:2) with
respect to the parameters or equiva ently maximise IogL(a bo 2):€(a,ﬂ,02 )
Now

n

K(O‘,ﬁﬁz}—gmg(z”@z)‘zﬂlcz 2 (y-a=px )

1

so we differentiate with respect to o, 8 and o
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solving for &,B,6° wehave
a=y-px

Z(Xi _)_()(yi —)_/)
> (% -x)

B=

Note:
i) & and ﬁ are aso the least-square estimators. This is because the
maximisation of the log-likelihood (for fixed o?) is the equivalent of the
minimisation of the least-square quantity S=Y"(y, - a-fx)".

i=1

ii) We generally prefer to use an unbiased estimator of o2 given by

n

Z(Yi _d_ﬁxi )2 D
=12 = —  « deviance
n-2 df

7T theresidual degrees of freedom

Exercise 13.1: Simplelinear regression theory

a) Consider the simple linear regression model of the form
Y, =a+bx +¢ fori=12...,n
where

Y, isthe response variable,
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b)

X; isthe independent variable,

a and b are parametersto be estimated.
g ,fori=12..,n areindependent Normally distributed variables with mean

0 and variance o2.

)

Find the likelihood function for a single observation and hence show
that the log-likelihood function for al n observations from the above
model is

I(ab,c?) = —glog(ZﬂGZ) -
(o}

1 n
72 (yi—a-bx)?
i=1
Give the Normal equations used to find the Maximum likelihood
estimators for the parameters a, b and ¢ ?, and state the resulting
maximum likelihood estimators of a, b and 2.

2 &
State the distribution of b and =—— where § =y, ~4-bx , i.e the
(o}

residual for the ith observation and the numerator in the expression is
2

the Residual Sum of Squares (RSS). Note that the variance of bis g—

XX

where S = i(xi -x)°.

Weknow that b and > é? areindependent.
i-1

We aso know that if z~N(0,1) and w~ 2, independently,

wiv)
Use thisto construct a 100(1-a)% confidence interval for b.

then
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Exercise 13.2: Simplelinear regression theory

For asimple linear regression model, prove that 00\/(37,&) =0

Note: an outlined method is as follows:

cov(y,ﬁ)= El_(?—u)(lj’ —ﬂ)J

3 (% - %)y, )
=E|(Y-u) =5 B
> (x, —X)?
T
—E|(7-p) 2 B ||-El(y-n)B]
;(Xi -X)*
 (Se-dv-n |
| (y- )| B —pll-0  why
£ (Xi _)_()2
Now
ENy, - YNV - )= E(n =Dy, = ¥ = o= Yia = Yior = Yo Vs + et ¥y — i)/ 107
=E[(n-Dy, -} {y - s} =)y — )+t {3y ) 0?]
:(n—l)a2 —0?-0%.-0"?
-0

E{y, —uly, -uf=0  (Why?)

Hence deduce cov()‘/ , ﬂ) =0.
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Exercise 13.3: Simplelinear regression theory

For theregression y, =a+bx +¢,, ¢, ~ N(O]1) show that the |east squares estimate

of bisgiven by

S, — nxy
S, —nx*’

b=
A test of b= 0 can be based upon

Tzsw_ny_X:;Xiyi _leyii

iznl: Yi (Xi - i)

Show that, under H, : b= 0, we have E(T) = 0.

Also show that V(T )=c2>"(x —X)*.

S,y —nyx
Deduce that N(01)
oy (x = X)*
S, — nyX
And hence that — 22—~ _ t
> (x = x)
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Practical 13: SimpleLinear Regression

The data set in the file SHARED (K):\SCTMSSOM\MA2010\REGRESSION\FOOT
GESTATION TIME.SAV comprises measurements of foetal foot length in mm (YY)
and gestational age in weeks (X) for 450 foetuses.

1. Produce a scatter plot of Y against X using the procedure
> Graphs > Scatter > Simple Scatter > Define | Y Axis ‘foot’ | X Axis‘gest’
> OK.
Comment on this plot.

2. Fit asimple linear regression line using
> Analyse > Regression > Linear | Dependent: ‘foot’ | Independent(s): ‘gest’ to
declare your y and x variable and fit the model.
Y ou can use the PLOTS option to get the residual plots.
> Plots|Y: ZRESID | X: ZPRED | v' Histogram | v" Normal probability plot
> Continue > OK

i) State the modd fitted and its parameter estimates. Interpret these
estimates.

i) Test whether there is alinear relationship between foot length and
gestational age.

i) State the assumptions necessary for your model to be valid.

iv) Do theresidua plots show that any of the assumptions does not hold?

R. A. Rigby and D. M. Stasinopoulos © September 2005 138



