Chapter 11

Expectation and Variance of arandom
variable

The aim of thislecture is to define and introduce mathematical Expectation and variance of a
function of discrete & continuous random variables and the distribution of the sampling
mean.

11. Introduction

Based on the type of experiment, the outcomes could belong to limited categories, for
example, Heads and Tails from tossing a coin; or 1,2,3,4,5,6 from throwing a die. Such a
random variable is known as a discrete random variable. On the other hand, a random
variable which is neither categorical nor discrete is referred to as continuous random
variable. It is possible to study the probability distribution or simply the distribution of a
random variable X along with the associated probabilities of its outcomes.

Notation: A random variable is normally denoted by capital letters, X, Y, etc and

particular values of arandom variable by small letters, X, y, etc.

11.1 Expectation and Variance

Definition:  The mathematical expectation of arandom variable X, written E(X), is
the mean value of X and is defined as

p=E(X)=> xP(X =x) when Xis discrete
or
u=E(X)= [ xf (x)dx when X is continuous

Population mean (or Expected value) of afunction g(X) of arandom variable X isdefined as

Elg(X)]=>" a(x)p(X =x) when X isdiscrete
Elg(X)]= jg(x)f(x)dx when X is continuous

Forexample E(x*)=) x’p(X=x)or  E(x*)= Ixzf (x)dx depending on the nature of X.

11.1.1 Some Propertiesof E(X)

E(c) =c, i.e. theExpected value of aconstant ¢ is c.

2. E(cX )= cE(X), i.e. the Expected value of cX is c times the Expected value
of X. This can be proved asfollows.
Pr oof

E(cX) =Y cxp(X =x)
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= c E(X)
3 E(X £Y)=E(X)£E(Y)
E(aX +bY)=aE(X)+bE(Y)
5 E(XY)=E(X)E(Y) (provided variables X and Y are independent of each
other)

Definition: The variance of arandom variable X, written V(X), is defined as
o® =V(X)=E (X - )’ |= E[X*] - u’
since E[(X - ,u)z}: E[X2 —2uX +u2]: E[ij — 2. Hence the variance of X is the
average squared distance of X toitsmean u.
Population Variance of afunction g(X) of arandom variable X is
2 2
V[g(x)]=E{[a(X)- ]} = E{[a(})]'} - u,* where 1, =E[g(X)]

Hence the variance of g(X) isthe average squared distance of g(X) toitsmean u,.

11.1.2 Some Propertiesof V(X)

1. V(c) =0since V(c):E[cz]—{E[c]}zzcz—cz=O
2. V(cX)=c®V(X) since

V(eX) = E{[exT|-{E[cx]}" = [E[x*] - [E(X) T} =c*V(X)
3. V(X £Y)=V(X)+V(Y) ,provided X and Y areindependent.

V(aX £bY)=a®V(X)+b*V(Y),provided X and Y areindependent.
Note () V(-Y)=V(Y) sinceV (-Y) =V (=1Y) = (-1)* V (Y) =V (Y)
(i) V(X =Y)=V(X)+V(Y) providedX and Y areindependent.

snce V(X =Y)=V[(X+(=Y))]=V(X)+V(=Y)=V(X) +V(Y)

Examplel: XandY aretwo independent random variableswith mean values of 5
and 7 and variances of 1.5 and 2 respectively. Find

()  E(X+2Y)
(i)  E(5-3X)
(i) V(5X-4Y)

Solution 1: (i) E(X+2Y) =E(X) + 2E(Y) =5+ 2*7 =19
(i) E5-3X)=5-3E(X)=5-3*5=-10
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(iii)  V(5X—=4Y) = V(5X) + V(4Y) = 52/(X) + 42V(Y)
=25%1.5+ 16*2=69.5

11.2 Thedistribution of linear combinations of nor mal random variables.

Theorem 1. Let X ~N(u,,0%) and Y ~N(u,,c2) where X and Y are
independent. Let T =aX +bY where a and b are constants, then
T~N(u,02) where u, = au, + bu,and o2=2a’ o +b* ol

Pr oof
u =E(T)=E(@xX +bY)= E(aX)+ E(bY)=aE(X)+bE(Y)=a u, + by,
of =V(T)=V(aX +bY)=V(aX)+V(bY) =a’V(X)+b*V(Y)=2a’ o, + b’ o

since X and Y areindependent.
e TheProof that T isNormally distributed is difficult.

Example2: The weight X of an apple hasa N (80, 25) distribution and weight Y of an
orange has aN (150, 39) distribution, both weights are measured in grams.
(8 Suppose an apple and an orange at random are selected, what is the
distribution of the total weight, T?
Solution (@): Let T=X+Y.Then E(T)=E(X +Y)
E(X) + E(Y)

= 80 + 150
=230gm

and
V(T)=V(X +Y)
=V(X)+V(Y) since X and Y areindependent
=25 + 39
= 64gm’
T ~ N(230,64)

(b) Suppose two apples at random are selected, what is the distribution of the total
weight, T?

Solution (b):

Let X, measure the weight of the first apple and X, measure the weight of
the second apple. And let T= X, + X,. Then

E(M) = E(X1+ Xz)
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=E(X)+E(X,)
= 80 +80
= 160 gm
and

V(T) :V(Xl +X2)
:V(Xl)+ V(Xz)
=25+ 25
= 50gm’ since X, and X, areindependent.

- T ~ N(160,50)

(c) Suppose an apple at random was selected, and then found another apple with
exactly the same weight. What is the distribution of the total weight, T?

Solution (c):
Let  T=2X Then E(T)=E(2X)=2E(X)
= 2*80
= 160 gm
and
V(T)=V(2X)=2°V(X)
=4* 25
= 100 gm?

- T ~ N(160,100)

Example3. Maeheights M ~ N(685) and Female heightsF ~ N(634) where heights
are measured in inches. If amale and afemale at random are selected, what is
the probability that the female is taller than the male?

Solution 3: Wearegiventhat E(M)=68, V(M) =5, E(F)=63 and V(F) =4

Hence p(F>M) = p(M-F)<0=p(D)<0 where D=M —F thedifference
between male and female heights. Thus

E(D)=E(M -F)=E(M)- E(F) = 68 - 63 = 5inches

V(D)=V(M -F)=V(M)+V(F) =5 + 4 = 9inches’

D~ N(5,9)

Hence p(F > M )= p(D <0)where D ~N(5,9)

D-5 0-5
= p(

<—
3 3)

= p(Z<—§) where Z ~N(Q2J)

—p(Z<-1.67)
= 0.0475
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Conclusion: The probability that a female will be taller than a male (if both are
selected at random) is 0.0475 (i.e. a4.75% chance).

11.3 Thedistribution of X, the sample mean.

If you compute the mean of a sample of 10 numbers chosen at random from a population of
size N (N being large), the value you obtain will not equal the population mean exactly; by
chanceit will be alittle bit higher or alittle bit lower. If you sampled sets of 10 numbers over
and over again (computing the mean for each set), you would find that some sample means
come much closer to the population mean than others. Some would be higher than the
popul ation mean and some would be lower.

Imagine sampling 10 numbers and computing the mean over and over again, say about 1,000
times, and then constructing arelative frequency distribution of those 1,000 means. Interest
then would be on how the means are distributed. This distribution of means is a very good
approximation to the sampling distribution of the mean.

11.3.1Sampling Distribution of the M ean

Definition:  Thesampling distribution of the mean is atheoretical distribution that is
approached as the number of samplesin the relative frequency distribution increases. A
sampling distribution can also be defined as the relative frequency distribution that would be
obtained if al possible samples of a particular sample size were taken.

With 1,000 samples, the relative frequency distribution is quite close; with 10,000 it is

even closer. As the number of samples approaches infinity, the relative frequency

distribution approaches the sampling distribution of the mean.

The sampling distribution of the mean for a sample size of 10 was just an example; thereis a
different sampling distribution for other sample sizes. Also, keep in mind that the relative
frequency distribution approaches a sampling distribution as the number of samples
increases, not as the sample size increases since there is a different sampling distribution for
each sample size.

The sampling distribution of the mean is a very important distribution. In later lectures you
will see that it is used to construct confidence intervals for the mean and for significance
testing.

Given apopulation with amean of p and a standard deviation of ¢, the sampling distribution
(o}

n

of the mean has a mean of 4 and a standard deviation of where nisthe sample size.

Definition:  The standard deviation of the sampling distribution of the meanis called
thestandard error of the mean and is given by the formula, %.
n

Note that thespread of the sampling distribution of the mean decreases as
the sample sze increasess, as shown in  the following  diagram.

-4 =32 =2 =1 0 1 2 = B
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In general, the larger the sample size the smaller the standard error.

11.3.2 Definition of a random sample of size n

Therandom variables X, , X, ...., X, arecalled random sample if

() they areindependent of each other and
(i) they have the same distribution.

Example: Suppose we select n apples at random from an infinite population and weigh them.
Let X, betherandom variable measuring the weight of the ith applefor i = 1, 2, 3,..., n.

Then X, X, , X ..., X, isarandom sample of size n.
Definition: Therandom variable X isthe sample mean of the random samples

X, , X5, X5 4 -.r, X, defined by i:lz“xi :
n

i=1
11.3.3 The Expectation and Variance of X

Theorem2. Let X, X, ...., X, bearandom sample from a population with mean u and
variance o2, then

E(X)=E(X)=u
and
— _V(X)_i
VX)= n n
Proof 2

i=1

19 2_n0'2_0'2
" = n n
2 2
— (o2 (o2
V(X)=— e ox=—
n n
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Summary of theresults:

Population Mean Population Variance
Variable or Expected Vaue
X U o’
J— 0'2
X (samplemean) u 'Y

Theorem 3. Thedistribution of X
(a Let X, X,, X;... X, bearandomsamplefroma N(u,c*) population
then

2

— O
X ~N(u,—
(u n)

(b) Let X, X, , ..., X, bearandom sample from ANY
population (with afinitemean u and finite variance o), then

2
X = N(u, =)
(The Central Limit Theorem, see below.)

Example: Suppose the weight of an apple, X ~ N(80,25). Let X, X, X, ... X,,, bethe
weights of arandom sample of 100 apples. Find (i) P(X >85) and compare thiswith

(i) P(X > 85)

Solution:
() P(X >85) where X ~ N(80,25)

V25

=0.16 i.e. a 16% chance

= P(z > & _80] =P(Z>1) where Z~N(0))

(ii) From Theorem 3, we have X ~ N (80 , 1%—%}

85- 80
v0.25

= P(Z >10) = 0.0000....

P(X > 85) = P(Z > j where  Z ~N(02)
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11.3.4 Calculating intervalsfor X

Theorem4. Let X, X,.... X, be arandom sample from a normal population of
Ngmf)Almaﬂﬂ%HMderX:(uigwy%{uigmg%
n

2

vi 2 (o2 2 0-2
Proof 4: X ~ N(u,oi):N oo Whereox:T

X-—pu

2= ~ N(0,1)
Ox
Steps 1. Find aninterval for Z
2. Substitute for Z B
3. Rearrangeto give an interval for X.
Step 1 P(-2,<Z<z,)=1a
Step 2 Substitute for Z
P(— Z,, < X = ”<za/2]:1—a
Ox
Step 3. P(—Za/26i< )Z—,u<ZOC/2 GX)ZJ.—O!

p( M—2Z,, Oy < X< H—2Z,, Og )=1—a

A 100(1- )% interval for X isgiven by

(N =22 Ox » HT 2, O-)?)

2
= (u £ 2,5, o ) where axzﬁz\/%:%
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Example: A random sample of 100 apples wastaken froma X ~ N (80, 25) population
distribution. Find a 95% interval for X , the sample mean of 100 apples

Solution: _
First find the distribution of X

_ 2

X ~N|u, - (80 2—5ij(80,0.25)
n 100

Then find 95% CI for X

A 95% Cl for X = (u+ Zye 0y)

80 + 2,05 +/0.25)

=
(80 + 1.96* 0.5)
(
(

80 + 0.98)
79.02,80.98)
~(79.0,81.0)

Conclusion: Thereis aprobability 0.95 (i.e. a95% chance) that X (the sample mean weight
of 100 apples) lies between 79.0 and 81.0 gm.

0.8 —
0.7 —
0.6 —
0.5 —

0.4 —

f(xmean)

0.3 —

0.1 —

0.0 —

78 79 80 81 82

95% interval for X

11.35 Central Limit Theorem

Let X, X, , ..., X, bearandom sample from ANY distribution with finite mean ¢ and

i=1

finite variance o, thenwhennislarge X ~ N{u , 6—] and zxi =nX ~N(nu, no?)
n

where ~ means ‘has the approximate distribution’.
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Example: Let X ,X,,X,,..X ~be a random sample from an Exponential population

_ 2
whereE(X) = u and V(X) = u?. By the Central Limit Theorem X =~ N[u H j

n

Consider r samples of size n from the above distribution

X, X, Xy ———=X, > X
Sample 1 Xy Xpp Xy —— ==X, = X,
X21 Xzz X23 T in - Xz
x31 X32 X33 - X3n - X3
r Xrl Xr2 xr3 ____Xrn - XT
X, X
X, X
— 0.060 —
0012 — —
] 0.045 — _—
0009 —
% ] 2
% 0006 — § 0080 I
[a]
0003 — 0.015 —
0000 —; : : T T 0.000 —, = T T T
0 50 100 150 200 0 25 50 75 100
sample f(x) sample f(xmean)
Sample pdf of X, f,(x) n __p ® Sample pdf of f,(x)
99
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Population pdf of X, f, (X)

002 —

000 —

).03

).02

).01

).00

Population pdf of X, f(X)

0 50 100

Example: Let X, , X, ..., X, be a random sample from a uniform U(a, b) distribution

where E(X)=u =£aL2bZ andV(X) =02 :(b;aﬁ}

12

For examplelet X, , X, ..., X, bearandom sample from auniform U(0O, 100) distribution.

By the Central Limit Theorem, X ~ N (50,
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Practical 7

1 A fair dieis rolled 40 times. Find the probability that the mean of the 40 scores is
more than 4.
2. If 30 observations are taken from a population with distribution given by the pdf

2
—=x,0<x<3
f(X)=49

0 otherwise

a) Find the mean and variance of this population.
b) Find the probability that the mean of the 30 observationsis more than 1.85.

3. a) A population is known to have a standard deviation of 2.34 but unknown mean
u. A random sample size of 81 provided a mean of 9.72. For the population
mean construct:

(i) a90% confidenceinterval;
(i) a98% confidence interval;
(iii) comment on the precision of the results.

b) A random sample of size 50 was drawn from a normal population of variance
0.20. If the sample produced a mean of 13.45, construct a 99% confidence
interval for the mean of the population.

4, In aclass of 25 pupilsif each pupil rollsafair die 30 times and records the number of
sixes they obtain, find the probability that the mean number of sixes recorded for the
classislessthan 4.3

5. A sample of 100 tinsfilled by a machine has an average weight equal to 510gm and a
standard deviation of weight equal to 12 gm.
a) Construct a 95% confidence interval for the mean
b) Calculate the probability that the mean is less than 512 gm.

6. On the basis of alarge sample a 95% confidence interval for the population mean is
(55.8, 60.4). Using this information compute:
a) estimates of p and the standard error;
b) a90% confidenceinterval for p.

7. The heights of female employees of a certain company have amean of 170 cm and a
standard deviation of 2.5 cm while the heights of the male employees have a mean of
178 cm with a standard deviation of 2.1 cm. If random samples of 35 female and 45
male employees are taken and their heights recorded, find the probability that the
mean of the male employees height is greater than the female’ s by more than 9 cm.
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