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ABSTRACT

Music is the skillful arrangement and alternation of sound and silence within a given period of time with appreciable aural
perception [1]. As musicians play instruments, the sound-producing parts vibrate and oscillate to give out tones perceived as
music. For musicians to play a piece they creatively and logically manage several concepts and elements, such as rhythm, melody,
dynamics, harmony (chord progression), tone color, texture, form etc. It is imperative to note that those aspects of music that are
strongly logical could be modeled mathematically and computationally. It is on the basis of this premise that this paper shall
study the underlining mathematical concepts and relations involved in the composition of the Twelve-Tone Serialism. From the
mathematical models, algorithms shall be development and presented as flowcharts. Finally, a software framework shall be
developed and presented as JAVA codes. This framework is expected to be useful to software designers and application
developers in the field of Music and Multimedia Technology.
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1. INTRODUCTION

Mathematics and music are closely related logically. People with musical abilities think both logically and artistically. In fact,
musicians tend to make better mathematicians. Basic mathematics is inherent in music through the creation processes of the
rhythms and melodies. Music is considered logical and as well as a means of expressing emotions. The creative process of music
is both extremely logical and mathematical [2]. According to Robert Morris [3], in modern music theory, twelve notes make an
octave. Twelve-tone composition arranges these twelve notes without repetition until each note has been played once. The
application of mathematics to twelve-tone composition depends strongly on the permutation of the twelve tones — which is
represented by an array of twelve notes. Each note is represented by a number ranging from O through 11. The chromatic scale is
represented by an array: [0 1234567 89 10 11] — where 0 in the array represents note C; 1 represents note C#, etc.; while 11,
the last note of the octave, represents note B. See Table 1. Arnold Schoenberg (1874 -1951) and other musicians of the early
twentieth century agreed that music composition, in analogy to science, was not an aesthetic project but rather a kind of empirical
and heuristic problem solving [8].

2. ALGORITHMIC COMPOSITION

According to Ferndndez and Vico [18], algorithmic composition is the partial or total automation of the process of music
composition by using computers programs. Some of the algorithmic composition models and techniques closely related to
Artificial Intelligence used for algorithmic composition include grammar-based, probabilistic, neural networks, symbolic rule-
based systems, constraint programming and genetic/evolutionary algorithms. Manual and traditional approach to music
composition requires the musician to be engaged in series of activities, such as the definition of melody and rhythm, harmony,
chord progression, counterpoint formulation, arrangement and notation. Those aspects of these activities that are mathematical
and logical could be automated by the computer to varying degrees of speed, accuracy and even ([19] and [20]). To achieve
algorithmic composition, the focus would be on algorithms development, programming languages, software frameworks and
graphical tools. Algorithmic composition is the technique of using algorithms to create music. Music composition is perceived a
complex and challenging activity for those not having musical knowledge or skill [21]. According to [6], [22] and [23] some
common techniques of algorithmic composition include state machines, rule-based, knowledge-based, grammars, stochastic
processes, and genetic algorithms.
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3. HISTORY OF TWELVE TONE SERIALISM

Arnold Schoenberg (1874 — 1951) developed this unifying method of composition. He created this technique which he called
“the method of composing with twelve tones”. It provided rules of composition that resulted in the emergence of the new style of
music. Though the new technique was very structured, it still allowed for some artistic freedom in developing musical pieces by
the composer ([4] and [5]). The tone-row technique introduced by Arnold Schonberg was further developed into serialism by
Anton Webern and his successors [6] and [24].

4. AXIOMS OF THE TWELVE TONE TECHNIQUE

Arnold Schoenberg suggested some rules to adhere to when composing based on this technique [7]:

1. The composition must be based on an arrangement or series of the twelve pitches of the chromatic scale as determined by
the composer. This series of tones is then called the tone row or set. This tone row may begin on any of the twelve pitches.

2. The repetition of a note is allowed only when all other pitches have been sounded. However, a pitch may be repeated
immediately afterwards.

3. The tone row could be played in its original form, retrograde, inversion, or retrograde inversion.

Torsten Anders [16] opines that this technique allows the composer to organize the pitches to form a tone row (also referred to as
twelve-tone series). A tone row is a sequence of 12 tones that permutates the twelve chromatic pitch classes in a particular order.
A twelve tone row is usually transformed in many ways: transposition, retrogression (reversal in time) and inversion (mirroring a
pitch axis). Composers use tone rows as music composition devices to achieve unity and coherency in a musical piece —
regardless of the harmonic dissonance. More information on the practical introduction to this composition technique was written
by George Perle [17].

5. PITCH CLASS

Pitch Classes are used for describing harmonies in music. They can describe and manipulate harmony created within a twelve-
tone scale. Pitch classes describe pitches independent of octave displacement and enharmonic spelling. There are twelve pitch
classes where each octave has 12 chromatic notes. They are numbered from O through 11: 0, 1,2, 3,4,5,6,7, 8,9, 10, 11. They
are as well referred to as Pitch Class Representatives since the numbers stand in the place of the letters denoting the chromatic
pitches [10].

On the other hand, according to ([11], [12], [13], [14] and [15]), Pitch Class Set is made up of a list of pitch class numbers; for
instance: [0, 4, 7, 10]. They are also referred to as PC Sets. For example, the PC Set for a C minor chord is [0, 3, 7]. The
"modulo" operations is used when manipulating pitch classes. The operator takes the remainder of an integer divided by some
other integer. For example, 15 modulo 12 = 3 (that is, 12 goes into 15 once, with 3 as a remainder). Note however, that PC sets
use modulo 12 — that is, any number above 12 is reduced using modulo 12 with reference to a number range from 0 to 11.

Table 1: Pitch Class

PC Tonal counterparts

C (also B sharp, D double-flat)

C sharp, D flat (also B double-sharp)

D (also C double-sharp, E double-flat)

D sharp, E flat (also F double-flat)

E (also D double-sharp, F flat)

F (also E sharp, G double-flat)

F sharp, G flat (also E double-sharp)

G (also F double-sharp, A double-flat)

G sharp, A flat

ORI AN AW = D

A (also G double-sharp, B double-flat)

A sharp, B flat (also C double-flat)

el
-

B (also A double-sharp, C flat)

6. CREATING A MATRIX FROM THE TWELVE TONE ROW

When creating a twelve tone row, notes of the chromatic scale are represented by their notes or by Pitch Class values (the
numbers from zero through eleven). A matrix is then created to display all of the possible permutations/arrangements of the row.
This twelve-by-twelve matrix is read from four directions: top to bottom, bottom to top, left to right, or right to left [2].The
twelve tones consist in a row of twelve pitches, which constitutes the base to the composition. This results in unity and coherence
within the musical piece [9].
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Figure 1: Original Twelve-Tone Notation.
The process of creating a twelve-by-twelve matrix from a given twelve-tone row involves a number of steps:
Step 1: Extraction of musical notes from the twelve-tone notation produces the Original twelve-tone Row (OR). From the

original twelve-tone notation in Figure 1, we obtain an OR thus: D, F#, G, C, D#, G#, A, E, B, A#, F, C#.

Table 2: Pitch Class of the Original twelve-tone Row

OR D, F#, G, C, D#, G#, A, E, B, A#, F, C#
PCOR 2,6,7,0,3,8,9,4,11, 10,5, 1
( start >
| CP=[C, C#, D, D#,E, F, F#, G, G#, A, A#, B] | ; array of Chromatic Pitches
" ; array of Original 12-tone Row

| OR =[D, C#, A, A}, F, D#, E, C, G#, G, F#, B] | which is a random/permutation
of CP (Chromatic Pitches)

—_— ; iis the index for OR, jis the index for CP,
I i=0; j=0; m=12; n=12; I m, n are the numbers of elements

N for OR and CP respectively
<> N
Y

sto

j=i+l | ; incrementing index |

; Compare between the
elements of OR and CP

; let the value of element of array PCOR
(Pitch Class of the Original 12-tone Row)
be equal to the index value of CP

I j=0 I ; reset index |

>
e

| i=i+1 I ; incrementing index i

Figure 2: Algorithm for generating the Pitch Class of the Original 12-tone Row (PCOR).

PCOR[i]=j
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Step 2: Creation of the Pitch Class for the notes of the Original twelve-tone Row (PCOR) from the Original twelve-tone Row
(OR) with the aid of the Pitch Class Table (see Table 1). Based on the OR above, the PCOR is thus formulated in Table 2. The
algorithm for creating a PCOR from an OR is shown in Figure 2; while the Java code listing for the algorithm is shown in Listing
1.

Step 3: Creation of the first row of the twelve-tone Matrix from the PCOR. That is, the PCOR shall occupy the first row of the
twelve-by-twelve Matrix; where m and n indicate the number of rows and columns respectively. Note also that i and j indicate the
indexes of the elements for the rows and columns respectively. Therefore, at this step, the Matrix shall have just the first row. See
Figure 3.

Listing 1: Java code for generating the Pitch Class of the Original 12-tone Row (PCOR).

for(byte j=0; j<getPichClassOriginalRow.length; j++){ matrix[0][j] = getPichClassOriginalRow][j]; }//end for j...

Listing 2: Java code for creating the first row of the 12-tone Matrix from PCOR.

public Object[] getPichClassOriginalRow(Object[] chromaticPitches, Object[] originalRow){
Object[] pitchClass = new Object[originalRow.length];
for(byte i=0; i<originalRow.length; i++){

for(byte j=0; j<chromaticPitches.length; j++){
if(originalRow([i]==chromaticPitches[j]){

pitchClass [i]=j;

break;

Hlend if...

}/end for j...

}/end for i...

return pitchClass;

}/end...

< start )

| cp=(c c# D, D#E F F# G, G#, A A# B] | ;Chromatic Pitches array

I PCOR=(2,1,9,10,5,3,4,0,8,7,6,11] | ; An array of PCOR
(Pitch Class of the Original 12-tone Row)

; iis the index for row, j is the index for columns,
| i=0; j=0; m=12; n=12; I m, n are the numbers of elements
for row and column respectively

; consider the first row of the 12-tone Matrix

>t

StO

; populating the first row of the 12-tone

Matrix{i]{j]= PCORT] Matrix from the PCOR

; incrementing index j

Figure 4: Algorithm for creating the first row of the 12-tone Matrix from PCOR.




Computing, Information Systems, Development Informatics & Allied Research Journal

msn]
v Quma Vol 7 No 1 March 2016 - www cisdiiournal net

The algorithm for creating first row of the Matrix from PCOR is shown in Figure 4; while the Java code listing for the algorithm
is shown in Listing 2. Step 4: Creation of the first column of the Matrix from the “inverted” PCOR. The elements of the first
column are obtained from transpositional subtraction of PC values of the first row from 12 (a modulo 12 operation is performed
on the result of the subtraction). By the end of this step, the Matrix shall look thus (see Figure 5). The algorithm for creating first
column of the Matrix from transpositional subtraction of PC values of the first row from 12 is shown in Figure 6; while the Java
code listing for the algorithm is shown in Listing 3. Step 5: Creation of the remaining rows and columns of the Matrix — which
are often referred to as Prime Rows (PR). This is obtained by the transpositional summation of the PC values of the first row and
first column (a modulo 12 operation is performed on the result of the summation). The result of this step is shown in Figure 7.

2 6 7 0 3 8 9 4 11 10 5 1
Figure 3: Creating first row of Matrix from PCOR.

2 6 7 0 3 8 9 4 11 10 5 1
6 - - - - - - - - - - -
5 - - - - - - - - - - -
0 - - - - - - - - - - -
9 - - - - - - - - - - -
4 - B B - - B - - B B -
3 - B B - - B - - B B -
] - B B - - B - - B B -
1 - - - - - - - - - - -
2 - - - - - - - - - - -
7 - B B - - B - - B B -
11 - - - - - - - - - - -

Figure 5: Creating first column of the Matrix from transpositional subtraction of PC values of the first row from 12.

Listing 3: Java code for creating the first column of the 12-tone Matrix from an inverted Pitch Class of the PCOR.

for(byte i=1; i<getPichClassOriginalRow.length; i++){
int pitchClassValue = 12 -
Integer.parselnt(matrix[0][i].toString());
if (pitchClassValue >= 12){
matrix[i][0] = pitchClassValue % 12;
telse{matrix[i][0] = pitchClassValue;}
}//end fori...
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C start )

I CP=[C, C#, D, D#,E, F, F#, G, G#, A, A#, B] I ; Chromatic Pitches array

; iis the index for row, j is the index for columns,
I i=0; j=0; m=12; n=12 I m, n are the numbers of elements
for row and column respectively

| Matrix[0][j] | ; An 2 dimensional array of the 12-tone Matrix
with only the first row created

; consider other rows but the first of the 12-tone Matrix

i>0andi<n

ST

; consider the first column of the 12-tone Matrix

; transpositionally create the first column of the 12-tone
Matrix from the first row of the 12-tone Matrix.

Matrix[i][j] >= 12

; modulo 12 operation

Matrix[i][j] = Matrix[i][j] - 12

; incrementing index i

Figure 6: Algorithm for creating the first column of the 12-tone Matrix from an inverted Pitch Class of the PCOR.

2 |6 |7 10 |3 8 19 |4 11 [ 10 |5 1
6 10 1 6 |9 |2 |3 105 |4 11 |7
5 11]{0 [5 [8 1 2 19 4 |3 10 | 6
0 |6 [7 [0 |3 8 19 [4 11 |10 |5 1
9 |3 |14 |9 |0 |5 |6 1 8 |7 |2 10
4 100114 |7 |0 1 8 3 12 |9 |5
3 9 103 |6 1110 |7 2 1 8 |4
8 2 |3 8 1114 |5 |0 7 16 1 9
1 7 |8 1 |4 |9 10 | 5 0 116 |2
2 8 |9 [2 |5 10 [11]6 1 0 |7 |3
7 1 2 |7 103 |4 1116 |5 |0 |8
115 |6 1112 [7 |8 |3 109 [4 |0

Figure 7: Creating Prime Rows by the transpositional summation of the PC values of the firstrow and first column.
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D |F#|G |C |D#|GE|A |E |B |A#|F | C#
F|C |C#|F# | A |D |Dt | AM|F |E |B |G
F |B |C |F |G#|C#|D |A |E |D# | At | H#
C |G |C |D#|GE|A |E |B |AM#|F |C#
A |DF|E |A |C |F |Ff |G |G |G |D | A#
E |[A#M|B |E |G |[C |Ct |Gt | DFE|D |A |F
D# |A |A# |D# |[F#|B |C |G |D |C# |Gt |E
Gt |D |D# |G+ |B |[E |F |C |G |F# | Ct | A
C# |G |G# | &3 |E |A (M |F |C |B |F|D
D |Gt|A D |F |MM|B | |C|C |G |D#
G |CG#|D |G |A# |D# |E |B |F#|F |C |G#
B |F |F#|B |D |G |G# |[D# |AM#|A |E | C

Figure 8: The complete twelve-tone Matrix

Listing 4: Java code for generating the Prime Row (PR) of the 12-tone Matrix from the first row and column of the 12-
tone Matrix.

for(byte i=1; i<getPichClassOriginalRow.length; i++){
for(byte j=1; j<getPichClassOriginalRow.length; j++){
int pitchClassValue = Integer.parselnt(matrix[i][0].toString())
+Integer.parselnt(matrix[0][j].toString());
if (pitchClassValue >= 12){

matrix[i][j] = pitchClassValue % 12;
}else{matrix[i][j] = pitchClassValue;}// else...
}/end for j...
}/end for i...

The algorithm for creating Prime Rows by the transpositional summation of the PC values of the first row and first column is
shown in Figure 9; while the Java code listing for the algorithm is shown in Listing 4.
Step 6: The interpretation of the Matrix (in Figure 8) is thus:

a.  Prime Row: reading from left to right.

b. Retrograde Rows: reading from right to left.

c. Inversion Rows: reading from top to bottom.

d. Retrograde-Inversion Rows: reading from bottom to top.
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start

I CP =[C, C#, D, D#, E, F, F#, G, G#, A, A#, B] l ; Chromatic Pitches array

I i=0; j=0; m=12; n=12 I ; 1is the index for row, j is the index for columns,
m, n are the numbers of elements
for row and column respectively

- ; An 2 dimensional array of the 12-tone Matrix
I Matrix[0][0] with only the first row and column created

L
~

consider other rows but the first of the Matrix

/ ; - .
i=i+1 |; incrementing index i
i>0andi<n

Y j=0 |;resetj

>
@b
\

: consider other columns but the first of the 12-tone Matrix

; transpositionally create the Prime Rows (PR) of the 12-tone
Matrix from the first row and column of the 12-tone Matrix.

N W

¥ ; modulo 12 operation
Matrix[i][j] = Matrix[i][j] - 12

Matrix[i][j] = Matrix[i][0]+ Matrix[0][j]

; incrementing index j

Figure 9: Algorithm for generating the Prime Row (PR) of the 12-tone Matrix from first row and column.

7. CONCLUSION

This Objected Oriented software framework (in form of Java objects) provides the basic building blocks for developers who wish
to integrate audio, sound, music and multimedia into their applications. This framework is expected to be useful to music and
multimedia programmers who develop music application and tools that would facilitate music creation and interaction as it reflects
the needs of the user and the musician in light of Twelve Tone Serialism. The direction for future research is multifaceted.
However, worthy of note is that this algorithm is applicable not only to twelve-tone serialism but to any piece of musical piece of
any length. Also, multiple order variations could be created from the generated matrix.
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