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Abstract 

 

 

This article reviews the origins and development of the consumption-based asset pricing theory 

over the last four decades.  Starting with the original CCAPM derivations by Rubinstein (1976), 

Breeden-Litzenberger (1978) and Breeden (1979), as well as related work by Lucas (1978), both 

theory and subsequent tests are reviewed, and some new applications are provided.  While initial 

empirical tests such as those of Hansen-Singleton (1983) and Mehra-Prescott (1985) were largely 

negative, more recent tests are much more supportive of CCAPM theory.  Empirical tests from 

several authors are presented, including those of Lettau-Ludvigson (2001), who use a 

consumption/wealth conditioning variable, Parker-Julliard (2005) who examine ñultimate 

consumption betas,ò and Jagannathan-Wang (2007) who examine intra-year decision making 

effects on tests.  Important second generation consumption-based asset pricing advances of 

Campbell and Cochrane (1999) on external habit formation and Bansal and Yaron (2004) on 

long-run risk are also reviewed. These models develop utility functions that are consistent with 

both large cyclical changes in relative risk aversion and risk premiums, and lagged impacts of 

aggregate consumption changes on risk premiums. These second generation models have many 

free parameters and are able to fit the empirical data much better than the first generation 

CCAPM models. 
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I. Introduction. 

 

Consumption-based asset pricing models have been among the leading multiperiod 

general equilibrium asset pricing models in financial economics research for the past 35 years.  

The Consumption Capital Asset Pricing Model (CCAPM) was first derived in the late 1970s in 

successively more general models by Rubinstein (1976), Breeden and Litzenberger (1978), and 

Breeden (1979).
1
  While Lucas (1978) did not derive the CCAPM formula, his work on Euler 

equations was also helpful to many empiricists in subsequent consumption-based asset pricing 

tests.  The CCAPM built on the classic single-period, market-based CAPM of Sharpe (1964) and 

Lintner (1965), as well as on the subsequent major work on the Intertemporal CAPM by Merton 

(1973). The Consumption CAPM links asset pricing with macroeconomic risk.   

 

The CCAPM states that the expected excess return on any risky asset should be 

proportional to its ñconsumption beta.ò  These authors showed that securities with higher 

sensitivities of returns to movements in real consumption spending have more systematic risk 

and should have proportionately higher excess returns.  They pay off more when consumption is 

high and marginal utility is low, and pay less when consumption is low and marginal utility is 

high, so they are worth less in price and have higher equilibrium returns.  This is different from 

the original market-oriented CAPM insights of Sharpe (1964) and Lintner (1965), as real 

consumption growth is not perfectly correlated with market returns.   In a multiperiod model, 

market wealth can be high and still have marginal utility be high if the investment opportunity 

set is good, as shown by Merton (1973) and Breeden (1984).   

 

                                                 
1
See p. 412 of Rubinstein (1976) , eqs. 26 and 27 in Breeden-Litzenberger (1978)  and 

eqs. 19, 19ô, and 35 in Breeden (1979) for the first CCAPM equations.  Lucasôs (1978) important 

paper has also been credited with CCAPM development, but the paper has no equations with 

consumption covariances or consumption betas and no CCAPM asset pricing formula.  Lucasôs 

development of the relation of asset prices to marginal utility is similar in economic intuition to 

the time-state preference literature of Hirshleifer (1970, Chapter 8), Rubinstein (1974, 1976), and 

Nielsen (1974). We view Lucasôs most important contributions to be on the existence and 

stability of equilibrium and of an equilibrium pricing density with intuitive economic properties. 
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The first two decades of CCAPM tests produced mixed results.  Tests of the special case 

of the CCAPM under constant relative risk aversion by Hansen and Singleton (1983), Mehra and 

Prescott (1985) and others rejected the model.   Chen, Roll and Ross (1986) found no significant 

consumption factor priced when in the presence of other factors, including industrial production, 

junk bond returns, and inflation hedges.  Grossman, Melino and Shiller (1987), Breeden, 

Gibbons and Litzenberger (BGL, 1989) and Wheatley (1988) examined measurement issues in 

consumption (such as time aggregation) and their biases on measures of volatility and 

consumption betas. BGL found a significant positive coefficient on consumption betas; and 

separately a significant positive coefficient on market betas; however, both the CCAPM and the 

CAPM were rejected based on stronger form tests of their respective implied first order 

conditions. BGL derived two useful results used by several subsequent authors:  (1) biases in 

consumption betas due to time aggregation and how those biases are reduced with increased 

differencing intervals for consumption growth and (2) estimation of consumption betas relative 

to returns on a consumption mimicking portfolio, which allows greater number and frequency of 

observations and more precise estimates of consumption betas. 

 

The very strong theory in support of the CCAPM, contrasted with weak early empirical 

support, motivated researchers to improve both their theoretical and empirical modeling.  On the 

theoretical side, Pye (1972, 1973) and Greenig (1986) developed time-multiplicative utility 

functions, and then Sundaresan (1989), Constantinides (1990) and Abel (1990) modeled habit 

formation and then Epstein-Zin (1989) and Weil (1989) (often jointly referred to as EZ-W) 

developed preference structures that displayed time-complementarity in utility for consumption 

streams, allowing researchers to separate effects of different levels of intratemporal relative risk 

aversion (RRA) from levels of the elasticity of intertemporal substitution (EIS).   Campbell and 

Cochrane (1999) later produced an empirically tractable model with the habit formation 

approach, using an ñexternal habit.ò  With a subsistence level of consumption for a 

ñrepresentative individual,ò their model allows for dramatic rises in relative risk aversion as 

surplus consumption (above habit) goes towards zero in severe recessions.  With the flexibility 

afforded by this model, they were able to fit many aspects of empirical data on stock and bond 

returns as related to real consumption growth, especially the risk premium on the stock market, 
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which Mehra and Prescott (1985) had found was substantially too high (the ñequity premium 

puzzleò), given the low volatility of real consumption growth. 

 

In the early 1990s, Mankiw and Zeldes (1991) considered that many households did not 

own stock at all or in significant amounts, a situation called ñlimited participation.ò  They 

pointed out that there is no reason that the Euler equation should hold for households who are not 

investing. They found that for households who actually owned stocks, the implied estimates of 

relative risk aversion were much more reasonable than for households who did not own stocks.  

Heaton and Lucas (1992, 1996) examined ñincomplete marketsò that did not permit full hedging 

of labor income, thus causing consumers to have more volatile consumption streams.  Brav, 

Constantinides and Geczy (2002) studied consumer spending data and found generally plausible 

estimates of relative risk aversion, given the high volatilities of individualsô consumption 

streams.  Vissing-Jorgensen (2002) focused on estimating the ñelasticity of intertemporal 

substitution,ò which determines how much consumers change their expected consumption 

growth rate when interest rates or expected returns on assets change.  She finds the EIS to be 

quite different for stockholders than for nonstockholders, generally getting plausible estimates 

for those who chose to invest in stocks and bonds and based on trading off current consumption 

versus future consumption. 

 

Also on the empirical side, advances were also made in examining changes in 

conditional means, variances and covariances and testing conditional versions of the CAPM and 

CCAPM, as in Harvey (1991), Ferson and Harvey (1991) Jagannathan and Wang (1996), and 

Ferson and Harvey (1999).    Particularly insightful papers in testing the conditional CCAPM 

include Lettau and Ludvigson (2001a, b) and Jagannathan and Wang (2007).  Lettau-Ludvigson 

use deviations of consumption from total wealth (which includes a human capital estimate in 

addition to stock market wealth) as a conditioning or ñscalingò variable for changing mean 

returns.  They find results quite compatible with Mertonôs (1973) and Breedenôs (1984) 

intertemporal theories, in that high consumption versus wealth is a predictor of future investment 

returns, as consumers optimally smooth forward those changes in expected returns.  Lettau and 

Ludvigson also find significant differences in the movements of consumption betas of value vs. 

growth stocks during recessions.  They find that value stocks tend to have much larger increases 
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in consumption betas during recessions, when risks and risk premiums are high, which helps to 

explain the Fama-French (1992) findings of higher returns on value stocks than predicted by the 

unconditional CCAPM betas, results which were viewed as anomalous.  Jagannathan and Wang 

use recession and expansion periods identified by the NBER as a conditioning variable, and find 

that conditional consumption betas are excellent in describing conditional mean returns on the 

Fama-French portfolios. 

 

More recently, Bansal and Yaronôs (2004) article has had major impact by modeling the 

ñlong run riskò caused by small, persistent shocks in the drift and volatility of real consumption 

growth.  They show that variance of real consumption growth grows more than proportionally 

with time, which is consistent with the persistence of growth shocks.  Additionally, they provide 

evidence that shows that the conditional volatility of consumption is time-varying, which leads 

naturally to time-varying risk premia.  Much subsequent research has been done on this long run 

risk model, most notably in the paper by Bansal, Dittmar, and Kiku (2009).   Bansal, Dittmar and 

Kiku show that aggregate consumption and aggregate dividends have a cointegrating relation.  

They observe that ñthe deviation of the level of dividends from consumption (the error correction 

variable) is important for predicting dividend growth rates and returns at all horizonsò (1, 5 and 

10 years).   Imposing cointegration allows them to predict 11.5% of the variation in 1-year 

returns, whereas only 7.5% of the variation is predicted without cointegration.  Their conditional 

consumption betas account for about 75% of the cross-sectional variation in risk premia for the 

one-year horizon, and 85% for long horizons. 

 

After Grossman, Melino and Shiller (1987) and Breeden, Gibbons and Litzenberger 

(1989) raised concerns about measuring consumption, in 2005 Parker and Julliard showed that it 

is important to measure ñultimate consumption betas,ò since consumption changes are slow-

moving, and could take 2-3 years for the full effects to be observed.  Using measures of these 

ultimate consumption betas, they were able to explain much of the Fama-French (1992) effects 

for size-related portfolios and value vs. growth (book/market) portfolios.  

 

Jagannathan and Wang (2007) show that when consumption betas of stocks are computed 

using year-over-year consumption growth based upon the fourth quarter, the consumption-based 
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CAPM explains the cross-section of stock returns as well as the Fama and French (1992) three-

factor model.  Jagannathan-Wang argue that major investment and job decisions are most often 

made in the fourth quarter, as investors and firms plan for the coming year, so this is when the 

Euler equations should fit best.  For estimation of consumption betas, they follow Breeden-

Gibbons-Litzenberger (1989) in using a ñconsumption mimicking portfolioò (CMP) formed from 

the 6 Fama-French benchmark portfolios, using weights from an OLS regression of consumption 

growth on the benchmark portfolios.  This allows them to substitute synchronous portfolio 

returns for (time aggregated) real consumption growth in the empirical tests, giving more 

precisely estimated consumption betas. 

 

The plan of the paper is as follows:  Section II derives the main theoretical results for 

aggregation of consumption in a discrete time-state preference model, and then the CCAPM in 

Mertonôs continuous-time model.  Section III derives the term structure of interest rates from the 

term structure of expected growth of consumption, the term structure of volatility and the term 

structure of inflation, and then shows tests of this theory.  Section IV discusses selected early 

1980s tests of the CCAPM and focuses on the equity premium puzzle of Mehra and Prescott, 

given its large impact on subsequent research.  Section V presents the Breeden, Gibbons, 

Litzenberger derivations for time aggregation and the consumption mimicking portfolio.  Section 

VI presents the advances in modeling utility maximization with non-time-separable utility 

function.  Section VII discusses significant research on limited participation and incomplete 

markets.  Section VIII presents the 1990s empirical modeling of changing conditional risks and 

changing risk premiums.  Section IX discusses the advances in empirical applications of models 

with habit formation, led by the Campbell-Cochrane model.  Section X presents the 2001-2007 

results on modeling changes in conditional consumption risk and changes in the investment and 

job opportunity sets, led by Lettau and Ludvigson.  Section XI presents the long-run risk model 

and tests and developments based on the original work by Bansal and Yaron.  Section XII 

presents research on cash flow betas (dividends and profits) on real consumption growth versus 

market returns.  As the consumption-based asset pricing literature is so vast, Section XIII 

presents descriptions of additional selected works in the last decade, which has been dominated 

by additional extensions and tests of competing empirical models with habit formation, long-run 

risk and disaster risk.  Section XIV makes some concluding remarks.  
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II.  Review of Consumption CAPM Theory. 

A.  Individuals Are Different.   Aggregation of Consumption 

 

In reality, investment counselors know that individuals are often quite different in their 

preferences and behavior, having different levels of risk aversion, different tax brackets, and 

different preferences with regard to nonlinear risks, such as those causing positive and negative 

skewness (i.e., tail risks).   Some prefer to lever up to get high returns and are willing to accept 

high risks, while others choose to hold a lot of Treasury securities and low return/low risk 

combinations.  Some are willing to write insurance by taking credit risks or fixed rate mortgage 

prepayment risks, while others wish to purchase portfolio insurance, paying a price to limit 

downside risk while retaining much of the upside potential.  Reactions to alternate possible 

consumption paths can also vary quite a lot, as some individuals may be comfortable taking the 

risk of having to reduce consumption significantly if markets fall sharply, while others may go to 

extreme lengths to smooth consumption or to protect their consumption from going below a 

certain subsistence threshold. 

 

Dealing with heterogeneous preferences like these is a challenge analytically to asset pricing 

theorists.  Papers have been written on the ñaggregation problemò and how to allow individuals 

to have heterogeneous preferences and yet derive asset pricing results in terms of aggregate 

wealth or aggregate consumption.   Yet it is surprising that many of the most well-known articles 

in consumption-based asset pricing simply assume either identical individuals or the existence of 

a ñrepresentative individual (e.g. Lucas (1978), Campbell-Cochrane (1999), Bansal-Yaron 

(2004)).  This may lead students to believe that the aggregation problem is unsolvable and that 

we have to just assume it away.  That is not true in some important cases, as shown by Merton 

(1973), Breeden and Litzenberger (1978) and Breeden (1979), which derive the Intertemporal 

CAPM (ICAPM) and the Consumption CAPM (CCAPM) and actually are able to aggregate 

fully diverse preferences in the class of time-additive utility functions.  It is insightful to show 

how market price signals coordinate optimal consumption plans in such a way that legitimate 

aggregation results can be obtained. 
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Breeden and Litzenberger (1978, Theorem 1) provide the most general aggregation 

theorem that we are aware of to date.  We use their basic time-state preference model to derive 

the aggregation result.  Each individual, k, chooses planned consumption, ὧ , for each time-state 

ts, which maximizes the expected value of a time-additive utility function, ό ὧȟὸ, subject to 

the usual budget constraint for initial wealth, ὡ .
.
  
Individuals are assumed to agree on the 

subjective probabilities for states {“ }, which sum to 1.0 for each date.  Markets are assumed to 

be complete, and the Arrow security price of insurance that pays $1.00 if and only if state 

occuring at time t is ‰ts. To find the optimal contingent consumption plan, individuals maximize 

the Lagrangian: 
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So if ordered from high to low, state price/probability ratios at the optimum are positively and 

monotonically related to marginal utilities in different states, and negatively related to 

consumption across states.  With homogeneous probability beliefs, the price/probability ratios 

computed for all are the same for each individual and the ordering of states from high to low by 

price/probability ratios will also order states by optimal consumption levels from low to high.  

And if every individualôs optimal consumption level is ordered the same across states, then we 

can clearly see that the total of everyoneôs consumption, aggregate consumption, C, is also 

High MU means low Consumption  

 

          (for all individuals, k) 

 

Low MU means high Consumption  
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ordered in the same way.  Given that, then there exists a positive, monotonic functional 

relationship of each individualôs consumption to aggregate consumption,  ὧ Ὢ ὅȟὸ, where 

Ὢ π.  Optimal responses of individualsô consumption plans to price/probability ratios across 

states have coordinated everyoneôs consumption risks. Since every individualôs marginal utility 

of consumption is the same for a given level of aggregate consumption and is the same 

monotonically decreasing function of aggregate consumption, an aggregate utility function that is 

monotonically increasing and strictly concave follows.  Furthermore, if each individualôs utility 

function has a positive third derivative (implied by decreasing absolute risk aversion), Kraus and 

Litzenberger (1983) have shown that the aggregate utility function would also have a positive 

third derivative and decreasing absolute risk aversion.  The positive third derivative implies a 

preference for skewness, which implies, ceteris paribus, that assets having a convex relation to 

consumption would be preferred to those having a concave relation with consumption. 

 

Understanding this consumption aggregation result in 1978 was key to Breedenôs 1979 

well known derivation of the Consumption CAPM in the very general framework of the 

continuous-time model of Merton (1969, 1971, 1973).  Then at the University of Chicago, he 

brought together insights from the time-state preference models (ñWest Coast Modelsò 

developed at Berkeley, Stanford and UCLA) and the ñEast Coastò continuous-time models of 

Merton and Cox, Ingersoll and Ross (1985) developed at MIT, Yale and Penn.  Breeden 

reasoned that if every individualôs consumption was optimally a monotonically increasing 

function of aggregate consumption in a complete market, it must be the case that even in an 

incomplete market, movements in aggregate consumption would locally determine movements 

in marginal utilities for everyone, to the extent permitted by existing securities.  He showed that 

randomness in individualsô constrained optimal consumption in an incomplete market would be 

uncorrelated with all assetsô returns, for if any of the fluctuations were correlated with some 

assetôs return, individualsô consumption changes were then not maximally correlated with 

aggregate consumption and the consumption plan was not optimal.  

 

 Substituting the fact that each individualôs real consumption is a monotonic function of 

aggregate real consumption, we see that state prices depend only upon their probabilities, the 

level of real aggregate consumption in the state and the level of aggregate consumption today: 
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                    ᵼ‰               ὥὲὨ                                                    (5) 

 

These state prices for aggregate consumption claims can be used to value any securityôs time-

state contingent payoffs at time t in terms of its joint probability distribution with aggregate real 

consumption at that date, which gives consumption-based asset pricing for all assets. 

 

 If the cash flows to a security at different future dates and states are the set {Xts}, then 

those cash flows can be replicated by purchasing Arrow securities and, to avoid arbitrage, must 

have a present value, V0, that is the cost of the replicating portfolio, which is (substituting eq. 5): 

 

                                        ὠ ὢ ВВ ‰ ὢᶰ В
ȟ

ȟ
                    (6) 

 

Dividing by the initial price to put the payoffs in return form, we get the Euler equation forms: 

 

                                                         ρ В
ȟ

ȟ
                 for every asset             (7)  

 

ὥὲὨ                                       π В ȟ ȟ ȟ

ȟ
,    for any two assets i and j.     (8) 

 

These Euler equations are often tested by econometricians, following Hansen and Singleton 

(1983).  While the Euler conditions have frequently been tested assuming a representative 

investor with constant relative risk aversion, the above analysis is consistent with any 

monotonically increasing, strictly concave aggregate utility function that is based on diverse 

individual preferences and endowments.  For example, an aggregate utility function displaying 

decreasing relative risk aversion is consistent with the above equations and would imply risk 

premiums that increase in economic contractions and decrease in economic expansions.  The 

parameters of the aggregate utility function should be estimated by the econometrician, rather 

than restricted a priori without any theoretical justification. 
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B. Consumption CAPM in Continuous Time Model with Incomplete Markets 

 

After Sharpe and Lintnerôs development of the single-period CAPM, Fama (1970), 

Hakansson (1970) and others recognized that multiperiod optimal portfolios (except for the 

special case of narrow log utility)  would be different from the prescriptions of single-period 

models because individualsô indirect utility functions for wealth would depend on the investment 

opportunity set.  In his continuous-time model, Merton (1969, 1971 and 1973) developed the 

most elegant solution to this problem.  He first derived optimal consumption and portfolio rules, 

finding additional risk elements that make individualsô optimal portfolios differ from just holding 

the market portfolio, because as individuals desire to hedge or reverse hedge against changes in 

the investment and/or job market opportunity set.  These new risks are priced in a multi-beta 

intertemporal CAPM, extending the Sharpe-Lintner model quite significantly.  Mertonôs model 

was a path breaking contribution because of three key elements of generality that researchers in 

financial economics viewed as quite important and attractive: 

    

(1)  Individuals were allowed to be fully diverse in preferences, within the class of time-

additive utility functions, which were the common assumption at the time.  So, 1 billion 

individuals could have 1 billion different preference functions (and quite general and 

changeable risk aversions) for consumption.   Note that nothing prevented relative risk 

aversions of individuals and market risk premium to get very large as consumption fell to 

low levels, for example, as in more recent models with external habit formation. 

 

(2)  Asset prices and consumption levels were allowed to follow very general diffusion 

processes, with conditionally changing drifts, volatilities and correlations, which can 

generate tremendously different probability distributions over discrete intervals 

(displaying non-normality, non-lognormality, and option-like features, for example).   

Thus, Mertonôs ICAPM (1973, p. 872) and Breedenôs subsequent CCAPM (1979, p. 268) 

clearly were done in terms of conditionally expected returns and conditional consumption 

betas (a point that does not appear to be appreciated by some subsequent authors). 
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(3) Markets were not assumed to be complete, in the sense that Merton did not assume 

that there were assets or portfolios that would replicate the behavior of any or all 

economically important state variables.  Thus, the allocation that was achieved was not 

necessarily ñPareto-optimal,ò or efficient, but was merely the best that could be attained 

with existing markets.  Of course, the complete markets case is a special case of his 

model, so Mertonôs and Breedenôs continuous time models apply to both complete and 

incomplete markets. 

 

Mertonôs (1973) Intertemporal CAPM showed that, in equilibrium, the vector of 

instantaneous expected excess returns on risky assets, µ-r , is equal to the matrix of betas relative 

to the market portfolio and relative to the S state variables for the investment opportunity set, 

multiplied by the vector of risk premia for each of the S+1 risks:   

 

                                        Ⱨ ► ♫╪ȟ╜▼
‘ ὶ
Ⱨ▼
ᶻ ►                                     (ICAPM) (9) 

 

Mertonôs ICAPM has empirical implications that are similar to those of Rossôs (1976) 

Arbitrage Pricing Theory (APT).  However, Ross uses statistical assumptions and merely the 

absence of arbitrage to derive his APT, whereas Merton uses arguably weaker statistical 

assumptions and stronger economic assumptions to derive the ICAPM.  Testing of Mertonôs 

ICAPM and Rossôs APT was inhibited by the fact that there were an unspecified number of 

opportunity set state variables (or factors) and that it was unclear whether their corresponding 

risk premiums would be positive or negative for different state variables. Many empirical articles 

focused on the weak prediction of these theories; i.e., the existence of several price factors, rather 

than predictions of which factors should be priced based on the a priori theory. Indeed, these 

models seemed to give those who tried to apply the model too much freedom to data mine in 

choosing state variables that had ñstatistically significantò risk premiums. 

 

Breedenôs (1979) article derived the Consumption CAPM in the exact same, very general 

intertemporal model that Merton used, showing that Mertonôs S+1 betas and risk premia could 

be replaced with a single beta relative to consumption and that risk premia for the state variables 

should all be proportional to their consumption betas.  An outline of his derivation follows: 
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Following Merton (1973), at each instant, each individual k chooses dynamically an 

optimal consumption rate, c
k
, and an optimal Ax1 vector of risky asset portfolio weights, w

k
, 

where the residual is invested in the riskless asset, w0=1-Ɇjύ .  An optimal policy at every 

instant maximizes the sum of instantaneous utility of current consumption plus the expected 

change in remaining expected utility of lifetime consumption, J
k
(W

k
,s,t), where s is an Sx1 

vector of state variables that describe the investment and income opportunity sets.  The Bellman 

equation says that the following maximum must be 0, or else the dynamic plan is not optimal:  

 

             π
άὥὼ
ὧȟ◌   ό ὧȟὸ Ὁͼ ͼ                                           (10) 

 

Merton then invokes Itoôs Lemma to compute the expected change in J(W,s,t): 

 

π     άὥὼ
              ὧȟ◌

ừ
Ử
Ử
Ừ

Ử
Ử
ứ
ό ὧȟὸ ὐ ╙▼ ὐ

ὡ ◌ Ⱨ ► ὶ ώ ὧ
Ⱨ▼
ρ

ὐ ╙▼
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Ử
Ử
Ữ

Ử
Ử
ử

    

(11) 

 

where Vaa = AxA covariance matrix of risky asset returns, Vas = AxS covariance matrix with 

state variables, and Vss = SxS covariance matrix for state variables.  Mean vectors are µa and µs, 

respectively.  Subscripts on the J function indicate first and second partial derivatives.  Setting 

derivatives of control variables = 0, and solving for the optimal portfolio and consumption gives: 

 

                                   ◌ὡ Ὕ╥ Ⱨ ► ╥ ╥▼╗▼                                              (12) 

 

 

and                                   ό ὧȟὸ ὐ ὡ ȟ▼ȟὸ                     (Envelope condition)      (13)                      
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Where Ὕ Ὧί ὶὭίὯ ὸέὰὩὶὥὲὧὩ Ὢέὶ ύὩὥὰὸὬ      and       ╗▼
╙▼  

 

╗▼
Ὧ
 equals to individual Kôs ί ρ vector of hedging or ñreverse hedgingò demands for the ί 

portfolios that best hedge against changes in the investment and income opportunity set vector, ▼. 

 

 The envelope condition shows that the marginal utility of $1 consumed must equal to the 

marginal utility of $1 invested. This means that in individual portfolio equilibrium the 

individualôs indirect marginal utility of wealth, which depends on the investment opportunity set 

as well as her wealth, would equity the marginal utility of her consumption, which only depends 

on her consumption. Differentiating the envelope condition with respect to wealth ὡ  and then 

state variables and then substituting into ╗  gives: 

 

                  ό ὧ ὐ                         and            ό ╬▼ ╙▼                            (14) 

 

So     Ὕ           and       ╗▼
╙▼ ╬▼

                           (15) 

 

 To gain insight into the optimal dynamic portfolios and consumption plans, assume the 

special case where individual investors have constant relative risk aversion, which differs across 

individuals. Let ♬▼ be the vector of percentage compensating variations in wealth that would 

hold lifetime utility constant for state variablesô changes. Breeden (1984) showed that: 

 

                                                        ╗▼ ὡ ρ Ὕᶻ ♬▼                                                     (16) 

 

and that optimal consumptions sensitivities to state variables are: 

 

                                                      ╬▼ ὧὡ ρ Ὕᶻ ♬▼                                                (17) 
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Many authors have estimated typical relative risk aversion to be much greater than 1.0, so that 

the inverse of relative risk aversion, relative risk tolerance Ὕᶻ  is much smaller than 1.0. 

Therefore, for most people we assume ρ Ὕᶻ  is positive. 

 

 If a state variable Ê is a good one (in that higher Ó means higher expected lifetime utility), 

its compensating variation in wealth, ɾ  will be negative.  Eq. (16) shows that with normal 

relative risk aversion, (  is then negative and the individual holds assets that hedge against 

adverse changes in the opportunity set by giving higher wealth when the good state variables 

decline. We see from eq. (17) that current consumption will increase when Ó increases, 

smoothing lifetime consumption, given normal relative risk aversion. 

 

 In contrast, denote a ñspeculatorò as an individual who has a much higher tolerance for 

risk, with 4ᶻ ρ. It follows from (17) that such a speculator would reduce current consumption 

to invest more when investment opportunities improve. The speculator would also invest in 

assets that give higher wealth when opportunities are good and lower wealth when opportunities 

are poor. Such consumption and portfolio strategies give the speculator a higher lifetime mean 

consumption stream, but with much higher volatility. 

 

 Substituting (14) and (15) into (12) and pre-multiplying by ὧ╥  and rearranging gives: 

 

                                                 ╥ ὧ ╥▼╬▼ Ὕ Ⱨ ►                                         (18) 

 

Using Itoôs Lemma for ὧ ὡ ȟ▼ȟὸ,  the stochastic part of c
k
 is:   Ὠὧ ὧὨὡ ╬▼Ὠ▼    so:                                               

 

ᵼVector of covariances:               ╥╪ ╥╪ ὧ ╥╪▼╬▼                                                 (19) 

 

Substituting (19) into (18) gives:                    ╥ Ὕ Ⱨ ►                                         (20) 

 

This says that, for each individual, assets are held in the portfolio in proportions that result in an 
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optimal consumption rate that covaries with each asset in proportion to its expected excess 

return. Individuals do not influence Ⱨ ►. They control ὡ  and, thus, ὧ ὡ ȟ▼ȟὸ. 

 

The aggregate consumption rate  ὅ В  ὧ В  ╥ ╥ В Ὕ Ⱨ ►     (21) 

 

Dividing by C:                          Ⱨ ► Ὕᶻ ╥ȟ         ×ÈÅÒÅ Ὕὧ
ὓz В  Ὕὧ

Ὧ
Ὧ

ὅ

Ὕὧ
ὓ

ὅ
    (22) 

 

For any portfolio M:     ‘ ὶ Ὕᶻ „╜ȟ■▪╒        ᵼ Ὕᶻ
╜ȟ■▪╒
     ȟ   ᶅὓ        (23) 

                                      

Substituting (23) into (22) gives the Consumption CAPM: 

 

                                       Ⱨ ►
♫╪ȟ■▪╒

╜ȟ■▪╒
‘ ὶ                        (CCAPM) (24)                                                    

This shows that the Ax1 vector of (conditional) expected excess returns on risky assets in 

equilibrium is proportional the the Ax1 vector of the betas with respect to percentage changes in 

real aggregate consumption.  Mertonôs S+1 betas have been summarized in 1 consumption beta.  

Note that the CCAPM of (22) is identical in form to the original Sharpe-Lintner CAPM, but with 

their vector of market betas being replaced by a vector of ñrelative consumption betas,ò which 

for asset j is its consumption beta divided by the market portfolioôs consumption beta. 

 

 An interesting issue is how the consumption CAPM replicates the risk premia from 

Mertonôs Intertemporal CAPM, both for 7ÏÒÌÄ ( where there is a predominance of hedgers and 

7ÏÒÌÄ 2( where there is a predominance of speculators (or reverse hedgers). For 7ÏÒÌÄ (, the 

world is dominated by people who want to short sell assets positively related to a good state 

variable, driving down their prices and giving a positive risk premium. In that world of hedgers, 

consumption increases with increases in a good state variable, so the consumption beta for the 

state variable is positive, causing the CCAPM to also give a positive risk premium.  
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 In contrast, if the world is 2( and is dominated by speculators (reverse hedgers), 

investors will want to go long assets correlated with a good state variable, pushing up their prices 

and giving a negative risk premium in the ICAPM. However, in this world, aggregate 

consumption is reduced when the good state variable is high (so as to invest more with good 

opportunities), which gives a negative consumption beta for the good asset and a negative risk 

premium according to the consumption CAPM, duplicating that of the Intertemporal CAPM. 

Thus, in both worlds dominated by hedgers and by speculators (reverse hedgers), the CCAPM 

properly identifies the same risk premium as Mertonôs ICAPM. Ultimately, to sign and estimate 

the risk for a given state variable only requires an estimate of its consumption beta.  

 

 The Consumption CAPM was extended to the global economy by Stulz (1981), who 

proved that the real expected excess return on a risky asset is proportional to the covariance of its 

return with changes in the world consumption rate.  Additionally, as Backus and Smith (1993) 

proved, if there are no nontraded goods and markets are effectively complete, consumption in 

every country is optimally monotonically related to consumption in every other country, an 

extension of the aggregation result of Breeden and Litzenberger (1978).  But as Stulz (1981) 

proved, if there are nontraded goods and consumption opportunity sets differ across countries, 

changes in real consumption rates will not generally be perfectly correlated across countries.  

Brandt, Cochrane and Santa-Clara (2006) show that real consumption growth correlations are 

statistically significant among the major economies of the United States, the United Kingdom, 

Germany and Japan, but far from 1.00.  With quarterly data, U.S. consumption growth 

correlations are 0.31, 0.17 and 0.27 versus the UK, Germany and Japan respectively, and with 

annual changes, correlations are higher at 0.42, 0.24 and 0.35.   

 

 

III.   Term Structure of Interest Rates, Consumption Growth, Volatility, Inflation. 

 

The previous section focused on the derivation of the Consumption CAPM, which 

provides equilibrium expected returns for risky  assets in terms of their return sensitivities to 

aggregate real consumption.  In this section, we examine the pricing of riskless bonds and the 

term structure of interest rates and the relation of the term structure of rates to the term structure 
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of expected consumption growth and the term structure of volatility for consumption growth.  

While the general term structure results for the economies presented in the prior section are in 

Breeden (1986), those results end up being Taylor series approximations to the following simple 

model with constant relative risk aversion (power utility) and lognormally distributed 

consumption, the ñCRRA-Lognormal model.ò
2
  To use less space, while gaining greater 

understanding, riskless bond prices and implicit annualized interest rates are derived in the 

simple CRRA-LN model, with identical powers for all individuals.  This combination of 

identical CRRA and lognormality allows the computation of closed form solutions for bond 

prices and interest rates. 

 

We assume that the representative individual has the following power utility function, 

where ɔ is the constant relative risk aversion (CRRA) for the individual.  ɔ is also the inverse of 

the ñelasticity of intertemporal substitution.ò   

                                         ὒὩὸ                ό ὧȟὸ     (25) 

 

ὙὙὃ ὧ ὧ      (26) 

From the time-state preference valuation model, eq. 6, where the cash flows are $1.00 received 

for sure at T, we have that the riskless zero coupon bond price at time t equals expected marginal 

utility at time T divided by marginal utility at the present time, t.  Given our aggregation result, 

this depends generally only upon the utility function and the distribution of aggregate 

consumption at T and t.  With the power utility function, this simplifies to a dependence only 

upon the probability distribution of the percentage growth rate of aggregate consumption from t 

to T. 

 

    ὄȟ
ȟ

ȟ
       Ὥὲ ὫὩὲὩὶὥὰ       (27) 

 

    ὄȟ Ὁ Ὡ           CRRA     (28) 

                                                 
2
 See Breeden (1977), Chapter 7. 
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Next we assume that aggregate per capita consumption is lognormally distributed, where the 

logôs mean grows at a continuously compounded annual rate of Õ*t,T and variance grows 

proportionally to time with annualized volatility of ůt,T, i.e.:  

 

                                          ὧͯ ὰέὫὲέὶάὥὰÌÎὧ ‘ȟ
ᶻ Ὕ ὸȟ„ȟ

ᶻ Ὕ ὸ          (29) 

 

Then please note that for lognormals if ώḳὩȟὥὲὨ ὼ Ὥί ὲέὶάὥὰ ύὭὸὬ Ὁὼ ‘ȟὠὥὶὼ „ , 

then Ὁώ Ὡ .  For our lognormal consumption growth, we have: 

 

           ḳὩ ȟ     Ὤὥί   Ὣȟ ὔͯ‘ȟȟ„ȟ Ȣ         (30) 

ᵼ
ὧ

ὧ
Ὡ ȟ       Ὤὥί       Ὣȟ ὔͯ ‘ȟȟ „ȟ  

Ὁ Ὡ ȟ ȟ   ύὬὭὧὬ ὫὭὺὩίȡ   ὄȟ Ὡ ȟ ȟ (31) 

ὶȟ
ὶȟ
ể
ὶȟ

”

ρ
ρ
ể
ρ



‘ȟ
ᶻ

‘ȟ
ᶻ

ể
‘ȟ
ᶻ



ở

Ở
ờ
„ȟ
ᶻ

„ȟ
ᶻ

ể
„ȟ
ᶻ

Ợ

ỡ
Ỡ

         (32) 

 

Applying eq. 30 for different dates to plot the term structure of interest rates, we see that the term 

structure of interest rates reflects the term structure of expected growth rates for consumption 

over different time horizons and the term structure of volatility of consumption growth over 

those same horizons. 

 

 Breeden (1986) examined the term structure in an economy (with individuals who have 

time-additive utility functions) with a multigood model and derived corresponding term structure 

results in a world with inflation and deflation.  He derived the nominal term structure of interest 

rates to have real terms as above, but now the term structure of inflation is added, along with a 

risk premium or risk deduction for the consumption risk of inflation that is imbedded in returns 

of nominally riskless bonds.  The equation derived is: 
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                                               ὶ „ ” ‘ ᶻ „ ᶻ „ ȟ  z                     (33) 

 

 

Note that in a model presented subsequently in Section VIII with external habit formation, 

Campbell and Cochrane (1999, eq. 8) found a corresponding equation for riskless rates to be: 

 

                                   ὶ ÌÎ Ὣ ρ ‰ ί ίӶ ρ ‗ί                     (34) 

 

 

In both models, we see the classic positive relation of the real rate to expected real consumption 

growth, g, as well as the negative relation to volatility of consumption, reflecting rational ñflight 

to qualityò responses of consumers.  Additionally, in the external habit formation model, the 

riskless rate is affected by where surplus consumption is relative to its long-term mean and the 

speed of adjustment parameter, ‰.   

 

 Harvey (1988, 1989, 1991) empirically tested whether or not the slope of the term 

structure of interest rates actually forecasted expected real growth of the whole economy (as 

consumption is 70% of GDP and is highly correlated).  Both Breeden and Harvey observed that 

late in the economic cycle near an economic peak, when growth is expected to slow considerably 

and possibly enter a recession, the term structure should be negatively sloped, with lower real 

rates on longer maturities reflecting slower longer-term growth.  Correspondingly, they argued 

that near the bottom of a recession, when consumers and investors usually expect that ñthings 

will likely get better over the longer term,ò longer-term growth forecasts should be much higher 

than shorter-term growth and the term structure should be strongly upward sloping. 

 

Figure 1 below shows that upward sloping term structures are the norm, as the spread 

between 10-year yields and 3-month Treasury yields is normally positive. The yield curve slope 

was near zero or negative in 1970, 1974, 1980, 1981, 1989, 2000-2001 and in 2006-2007.  Figure 

1 also shows that in each of these periods the unemployment rate subsequently surged:  
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Figure 1 

 

Figure 2 gives a scatterplot and regression results that show that the 3 year ï 3 month 

Treasury term structure slope was positively related to subsequent (next 6 months, annualized) 

real consumption growth in the 1959-2013 period, with a t-statistic of 3.6, indicating a 

significant relationship.  This was true also in subperiods.  Although a straight line fit is shown, 

the relationship has intriguing nonlinearity, worthy of further study. 
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Figure 2 

 

Harveyôs tests demonstrated that the slope of the yield curve (defined as either the 5-year 

or 10-year Treasury yield minus the 3-month yield) had significant predictive ability with regard 

to the subsequent 4 quarters of GDP growth in his sample, both in-sample and in out of sample 

forecasts:  In sample results are: 

Table 1 

 

 

Source:  Harvey (1989b), Table I. 

 

Graphically, Harvey shows that the term structure is quite helpful in explaining GDP growth: 

Variable a b

Five-Year Yield Spread 0.02 1.48 0.30

[5.17] [5.57]

10-Year Yield Spread 0.02 1.29 0.32

[5.36] [5.76]

One-Quarter Stock Return 0.03 0.10 0.05

[7.45] [2.46]

Four-Quarter Stock Return 0.03 0.01 0.00

[7.20] [0.50]

1953:2-1989:2 (140 observations)

Table   The Forecasting Performance of the Yield Spread and 

Stock Market Return Models, 1953:2-1989:2*
ὙӶ2
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Figure 3 

 

Source:  Harvey (1989b). 

  Harvey (1989b) also showed that this simple 1-variable predictor had root mean squared 

forecast errors that were as low as those of most of the top professional forecasters over the 

periods examined, as in the table below: 

Table 2 

 

Source:  Harvey (1989b), Table III. 
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Harvey (1991) also demonstrated that the relationship of the slope of the term structure to 

subsequent economic growth is true both for the USA and for several other G-7 countries.   

 

Table 3 

 

Source:  Harvey (1991). 

 

Estrella and Hardouvelis (1991) published results quite similar to Harveyôs, but with 

some additional tests.  In Figure 4, they show estimated recession probabilities based upon the 

slope of the term structure 4 quarters earlier.  The correlation is quite striking. 

Figure 4

 

Source:  Estrella and Hardouvelis (1991), Figure 2. 

Country a b

Canada 0.03 1.11 0.48

[6.22] [4.53]

France 0.03 0.52 0.13

[6.11] [2.14]

Germany 0.01 0.75 0.29

[2.60] [4.50]

Italy 0.04 0.71 0.26

[7.19] [5.15]

Japan 0.04 0.23 0.01

[10.58] [1.38]

United Kingdom 0.02 0.42 0.08

[4.20] [1.71]

United States 0.02 1.27 0.47

[3.20] [5.71]

World 0.02 1.42 0.54

[5.66] [6.8]

 Predicting Economic Growth with Local Term Structure

1970:1-1989:4 (76 observations)

ὙӶ2
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Estrella and Hardouvelis (1991) looked more broadly at the ability of the term structure 

slope to forecast the components of GDP ï consumption, investment and government spending.  

As Table 4 shows, they find statistically significant predictability for approximately 2 years 

forward for consumption, both total and durables, and also for investment.  However, the term 

structure slope does not have any explanatory power for government spending: 

 

Table 4 

 

Source: Estrella and Hardouvelis (1991), Table II . 

 

In 1996, after Harveyôs and Estrella and Hardouvelis empirical work, the slope of the 

term structure was added as a predictor variable in the Conference Boardôs Leading Economic 

Indicators series.  In a 1998 study, Dotsey of the Federal Reserve Bank of Richmond found that a 


