AP Calculus BC Scoring Guide

Ch 7 8 9 review

1. NO CALCULATOR IS ALLOWED FOR THIS QUESTION.

Show all of your work, even though the question may not explicitly remind you to do so. Clearly
label any functions, graphs, tables, or other objects that you use. Justifications require that you
give mathematical reasons, and that you verify the needed conditions under which relevant
theorems, properties, definitions, or tests are applied. Your work will be scored on the
correctness and completeness of your methods as well as your answers. Answers without
supporting work will usually not receive credit.

Unless otherwise specified, answers (numeric or algebraic) need not be simplified. If your
answer is given as a decimal approximation, it should be correct to three places after the
decimal point.

Unless otherwise specified, the domain of a function f is assumed to be the set of all real
numbers Z for which f () is a real number.

Consider the family of functions f(z) = m where k is a constant.

a) Find the value of k, for k > 0, such that the slope of the line tangent to the graph of f at
z = 0 equals 6.

Z Please respond on separate paper, following directions from your teacher.
1
b) For k = —8, find the value of/ f(z) dz.
0
@ Please respond on separate paper, following directions from your teacher.

2
c) For k = 1, find the value of/ f (z) dz or show that it diverges.
0

@ Please respond on separate paper, following directions from your teacher.
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Part A

Select a point value to view scoring criteria, solutions, and/or examples to score the response.

The first point is earned for a denominator of (z* — 2z + k)2 or a factor of (z* — 2z + k)_Z.

—(2z-2)
2 - A response that calculates the derivative correctly but

The second point is earned forf' (z) = m

then simplifies incorrectly will earn the second point, but is not eligible for the third point.

v

0 1 2 3

The student response accurately includes all three of the criteria below.

O denominator of f' (z)

f ()
O answer
Solution:
y o —(2z-2)
f (m) - (m2—2m+k)2
2 1 1
FfO=+5=6= kK= > k=—
k 3 V3

Part B
Select a point value to view scoring criteria, solutions, and/or examples and to score the response.

The first point is earned for obtaining 4 = % and B= —% with denominators ¢ —4 and = + 2,
respectively. Other nonzero numerators with these denominators will not earn the first point, but the
response is eligible for the second and third points.

A factorization of (z + 4) (x — 2) resulting in nonzero numerators is eligible to earn the second point, but
not the third point.
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Both correct antiderivatives, including use of absolute value, earn the second point.

The student response accurately includes all three of the criteria below.

O partial fraction decomposition
O antiderivatives

O answer

Solution:

1 _ 1 -4 , B
2-2z—8  (z—4)(z+2) = z—4 + z+2
= 1=A(z+2)+ B(zx—4)

1 -_1
= A_ﬁ, B= 5

1 1 1 1
6 6
/0 f(@) dm:/[) (:c—4_:1:+2> do

= [%ln|z—4| — %ln|:1:+2|]

r=
z=0
— (1 _1 — (1 1 =1
= (61n 3 6ln 3) (61n 4 6ln 2) = 6ln 2
Part C
Select a point value to view scoring criteria, solutions, and/or examples and to score the response.
2
The first point is earned for the definite integral / ——— dz split into two integrals at £ = 1, or
0o x2—-2x+41
work that shows that f () has a vertical asymptote or infinite discontinuity at z = 1.

If the first point is not earned, the response is only eligible for the second point.

The second point requires a correct antiderivative with or without reference to a substitution. Correct limits
of integration are not required for the second point.
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The third point requires evidence of an improper integral, including use of appropriate limit notation. The
third point is earned with a correctly evaluated one-sided limit along with the conclusion of divergence.

1
Only one of the two integrals need to be referenced. Note that any limit that “ = 0 ” makes the response

not eligible to earn the third point.

v

The student response accurately includes all three of the criteria below.

OO0 improper integral
OO0 antiderivative

O answer with reason

Solution:

2 2 1 2
/Y L S W
0 z¢—2x+1 0 (z—1)>° 0o (z—1)>° 1 (z—1)>
| S |
= lim ———dz+ lim / —— dz
1" Jo (z —1)° -1t S (2 — 1)
. z=b . 1 |z=2
= Jtim (- [) + im (- 10)

1
-1
= tim (—5 —1) + lim (—1+ %)

b1~ b1t

) 1
Because lim (——)does not exist, the integral diverges.
b—1" b—1

2. NO CALCULATOR IS ALLOWED FOR THIS QUESTION.

Show all of your work, even though the question may not explicitly remind you to do so. Clearly
label any functions, graphs, tables, or other objects that you use. Justifications require that you
give mathematical reasons, and that you verify the needed conditions under which relevant
theorems, properties, definitions, or tests are applied. Your work will be scored on the
correctness and completeness of your methods as well as your answers. Answers without
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supporting work will usually not receive credit.

Unless otherwise specified, answers (numeric or algebraic) need not be simplified. If your
answer is given as a decimal approximation, it should be correct to three places after the
decimal point.

Unless otherwise specified, the domain of a function f is assumed to be the set of all real
numbers Z for which f () is a real number.

(a) For each of the following improper integrals, evaluate the integral or show that the integral
diverges.

[
3 J(x+3)? ’

Z Please respond on separate paper, following directions from your teacher.

(b) / ze ¥ dx
1

@ Please respond on separate paper, following directions from your teacher.

Ik
c —dzx
© 2 x2+4x+3
@ Please respond on separate paper, following directions from your teacher.

Part A

Select a point value to view scoring criteria, solutions, and/or examples and to score the response.
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The student response accurately includes all three of the criteria below.

O  limit

O antiderivative

O answer
Solution:
0
4 P
lim+ / ——dx = lim+ \/%
a——3" Jq /(m+3)3 a——3 a

= tim (5 + 7o) =0

Therefore, the integral diverges.

Part B

At most 2 out of 3 points is earned if no limit notation is used. Numerical answers do not need to be
simplified.

Select a point value to view scoring criteria, solutions, and/or examples and to score the response.

v

The student response accurately includes all three of the criteria below.

O integration by parts
O antiderivative

O answer
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Solution:

u=2 = du=dz

_ -1 _
dv=e* dz = v=—e 4z

Part C

At most 2 out of 3 points is earned if no limit notation is used. Numerical answers do not need to be
simplified.

Select a point value to view scoring criteria, solutions, and/or examples to score the response.

v

The student response accurately includes all three of the criteria below.

O partial fraction decomposition
O antiderivative

O answer
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Solution:
/—4 d:z:=/ 4 dm:/<A+B)dw
z?2 +4x+3 (z+1)(z+3) z+1 x+3
_ (A+B)z+3A+ B
N (z+1)(z+3)
ATB=0 , 4_5 B— 2
3A+B=4

o) b
/ ;dmzlim/\ ( 2 - 2 ) dzx
o x2+4x+3 b—oo Jo z+1 z+3

— 1 _ b
—blileo (21n|a:+1| 2ln|z + 3| |2)
:blim (2ln(b+1)—2In(b+3)) — (2In 3 — 2 In5))
—00

o b+1 3
—blirg (21nb+—3 —2lng)

_ _ 3 _ _ 3
=2ln1 21n5— 2]:(15

3. What is the area of the region enclosed by the graphs of y =€” — 2, y=sinz, andz =07
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4. What is the area of the region in the first quadrant bounded by the graph of y = e*/% and the line
x=27

@26—2 v

o

The figure above shows the graph of y = 5x — x* and the graph of the line y = 2x. What is the area
of the shaded region?
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25
6

<

Ok
O,
®

o

The region bounded by the x-axis and the part of the graph of y = cos x between x = -11/2 and x =
/2 is separated into two regions by the line x = k. If the area of the region for -11/2 < x < k is three
times the area of the region for k < x , then k =

@ arcsin(1/4)
arcsin(1/3)

7. Aregion in the plane is bounded by the graph of y = 1/x, the x-axis, the line x = m, and the line x =
2m, m > 0. The area of this region
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@ is independent of m. v

increases as m increases.

@ decreases as m increases.
@ decreases as m increases when m < 1/2 ; increases as m increases when m > 1/2.

@ increases as m increases when m < 1/2 ; decreases as m increases when m >1/2.

8. 1f0 <k < 3 and the area under the curve y=cos x from x=k to £ = 7 is 0.1, then k=
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1.&\\\\\\\\\\\\\\ y =flx)
ZANNNE

The area of the shaded region in the figure above is represented by which of the following

integrals?

® [ tr@l-l9(o)
/bc f(z)dz— /ac g(z)dz
© [ (o) - s(@)da

)dz

® [ 7@ - sta)iz

® [ ) - snia+ [ (1) - oo
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10.
¥
d__
Ly =f(x)

. |
L i |

| i

| |

1 |
d a T

Which of the following represents the area of the shaded region in the figure above?

® /d f(y)dy

b
[ (@~ sz v
© re - 1

(®) - a)lf () — f(a)]

(®) (@ - lf®) - f(a)]

11. Let R be the region between the graph of y = e~?* and the x-axis forx=3 . The area of R is
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OF v

© 3
O,
®

infinite

The base of a solid is the region in the first quadrant bounded by the y-axis, the graph of y = tan™ x,
the horizontal line y = 3 and the vertical line x = 1. For this solid, each cross section perpendicular
to the x-axis is a square. What is the volume of the solid?

13. The region bounded by the graph of y = 2x - x* and the x-axis is the base of a solid. For this solid,

each cross section perpendicular to the x-axis is an equilateral triangle. What is the volume of the
solid?
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14. A vase has the shape obtained by revolving the curve ¥ = 2 + sinz from z = 0 to z = 5 about the
x-axis, where £ and ¥ are measured in inches. What is the volume, in cubic inches, of the vase?

15. What is the volume of the solid generated when the region bounded by the graph of ¢ = {/y — 2
and the lines x =0 and y = 5 is revolved about the y-axis?
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16. et Sbethe region enclosed by the graphs of y = 2x and y = 2x* for 0 < < 1 . What is the volume
of the solid generated when S is revolved about the line y = 3?7

® 7r/01((3—2a:2)2 — (3-22)%)de v

n [ (620 ~ (320
©) = /0 1(4m2 — 4zt)dz

@[ - -6 /5w
@[ G /H ~6-Hw

4
17. The length of a curve from x = 1 to « = 4 is given by / V1 + 9z dz. If the curve contains the
1

point (1, 6) , which of the following could be an equation for this curve?
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@ y = 3+ 3z?

y=5+.’n3 v

@ y=6+z3

@ y==6—28
y=22 44+ 245

@ 5 5

18. Which of the following integrals gives the length of the curve y =In z fromz =1toz =2 ?

O i v

® [ ()
® [ viveE i
® [ Virwar e
® [ (1+0aar) a

Copyright © 2017. The College Board. These materials are part of a College Board program. Use or distribution of these materials online or P 1 7 f 42
in print beyond your school’s participation in the program is prohibited. age 0



Ch 7 8 9 review

Scoring Guide

19.

=

-

0

-1

A rectangle with one side on the x-axis has its upper vertices on the graph of y = cos x, as shown
in the figure above. What is the minimum area of the shaded region?

20. A population y changes at a rate modeled by the differential equation % = 0.2y (1000 — y) , where

t is measured in years. What are all values of y for which the population is increasing at a

decreasing rate?
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@ 500 only
0 <y < 500
only

@ 500 < y < 1000 only v

21. The speed of a runner, in miles per hour, on a straight trail is modeled by
f(m) = 1%(—2m3 +9m? — 12m) + 7 where m is the runner’s distance, in miles, from the start of
the trail. What is the maximum speed of the runnerfor0<m=<37?

(») 65
(B) 6.6

22. /a:sin (6z) dz =
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@ —a cos (6z) + sin (6z) + C

—%cos (6z) + %sin (6z) + C v

@ —%cos (6z) + %sin (6x) +C
Scos (6z) + %sin (6x) +C

6z cos (6z) — sin (6z) + C

O,
®

Let f be a differentiable function such that /f (z)sin z dz = —f (x) cos m+/4m3 cos  dz.
Which of the following could be f (z) ?

@ cos T
sin x
@ 423

® =

® = v

24. |t fis a function such that f' (z) = —f (z), then /w f(z) de =
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@f(a:)(a:+1)+0

—f(a:)(a:+1)+0

©) Zf@+c
(®) -Zf@+C
® -5f@ (1+2)+cC

25. /:z:f(a:)d:c =

@ zf(z) — /a:f’(cc)dcc

21@) - [ 2 £

(©) zf@) - f(z) +C
®© 2@ - [ f(@)da
® 7 [ 1@

26. jerXdX:
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(A) xe?12 - 4+ C v

xe*/2 - e*2 + C

O,

xe?/2 + e*/4 + C

xe>2 +e*/2 +C

@ @ ©

x’e”l4 + C

N

7.
[ z%sin z dz

—2zcosz + [ z’coszdz

—z2cos + 2 [z cos z dz v

OJNO,

z’sinz + 2 [ zcosz dz

—1/3x%cosz +C

@ @ ©

1/3 z3sinxz — z?cosx + C

28. / 1 s
z2 — Tz + 10
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@ In|(z—2)(z—5)|+C

%ln|(a:—2) (z-5)|+C

%ln|z—:§|+0

© solees| ¢
O,
®

%ln|z—:g|+0

N
©

2z
/(z+2)(m+1)dm:

@ In|z+2|+n|z+1|+C

In|z+2|+In|z+1|-3z+C

@ —4ln |z +2|+2ln [z +1]|+C

@ 4ln [z+2|—2In |z +1|+C

@ 2ln |¢|+ 22+ 2%+ C
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@ In (8)
i (F)

@ In (18)

@ In (288)
@ divergent

31.
X 00105 1.0 15120
[l 1.0 0710510403
@

Let ¥y = f(z) be the solution to the differential equation

dx

= f’(z) with initial condition

f(1) = 5. Selected values of f’(z) are given in the table above. What is the approximation for
f(2) if Euler's method is used with a step size of 0.5, startingatz = 1 ?

Copyright © 2017. The College Board. These materials are part of a College Board program. Use or distribution of these materials online or
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32.

X 2 2.2 2.4
f'(x) | =05 | -03 | -0.1

Let y = f(x) be the solution to the differential equation 3—; = f’(z) with initial condition f(2) = 3.

Selected values of f' are given in the table above. What is the approximation for f(2.4) if Euler’s
method is used, starting at x = 2 with two steps of equal size?
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33.

i
Y N R Y A o T T T T
I 1 1/ /7 7 4+ % vV Vv
I 1 1 1 /f 7 4+ % N0V VL)
I 1/ /7 /7 -7 4+ ~ N v )
/! /7 7/ 7 - 4+~ N N\ O\
S S S S s - = N N N NN
3 0 3
N NNNSN~+ =~ s s S
\ ANNNN SN+~ s ]
' A\ A\ N NN+~
'\ VAN NN N+~
'\ VY Y Y NN+ 272 ]
R T O W W N ™ SV A B N B

Shown above is a slope field for which of the following differential equations?

OF LY
¥ =-afy
@2 -=

dy
= Y

Copyright © 2017. The College Board. These
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34.

Ny T T g,
5, "
T e
By o
e
ty P
e
B oy

T, T, g, oy,
o o i, Y
e Y
e
ey
e
Y
e,

Shown above is a slope field for the differential equation% =1? (4 —4?) . If y = g(x) is the solution
to the differential equation with the initial condition 9 (—2) = —1,then, lim g (z) is
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35. ¥
&
R N RRRERN
it rr sy vvuvv |
[ R Y A A A 2 i N W W W A O T
A A A S R T T T N
[ Y I A A A = N U U T T I B
(110777 7vo-xN NV VYAV
[ 17777 774+ xN YNV
1177 72—+~~~ NAVAV AV
{11777 7 72=F+=~NAVNVA )
A A i i T T S LV WA ¥
f//ff.-f.-ﬂ--{-]'—ﬁ:——---am*ux\\\
e T T Y M
t } } —w X
-2 -1 0 1 2

The slope field for a certain differential equation is shown above. Which of the following could be a
solution to the differential equation with the initial condition ¥(0) =1 ?

@ Y= cosz
©s-=
@ y=vi-=*

@ vy= 1-|-1:)t:2 V

36. The temperature of a solid at time ¢ > 0 is modeled by the nonconstant function H and increases

according to the differential equation % =2H+1 , where H(t) is measured in degrees

Fahrenheit and t is measured in hours. Which of the following must be true?
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C)Heiﬂ+t+0

t/2 + C

In |2H + 1|

@ln|2H+1| =t+C

@ln|2H+1| =2+ C v

37. The number of antibodies y in a patient’s bloodstream at time t is increasing according to a logistic
differential equation. Which of the following could be the differential equation?

dy
7 = 0.025¢

dy
% = 0.025¢ (5000 — )

@ &

& &
Il
o
[=}
[ ]
ot

—~~
(<)
[l
o
o

I
<
~—

< = 0.025y (5000 — y) v

38. The number of moose in a national park is modeled by the function M that satisfies the logistic

differential equation %4 =0.6M (1 - %) , where t is the time in years and M (0) = 50. What is
lim M (£)?
t—00
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39. The number of students in a cafeteria is modeled by the function P that satisfies the logistic

differential equation % = ﬁp(mo — P), where t is the time in seconds and P(0) = 25. What is

the greatest rate of change, in students per second, of the number of students in the cafeteria?

®s v
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40. A population of wolves is modeled by the function P and grows according to the logistic differential

equation & = 5P (1 — Wﬁm) , where t is the time in years and P(0) = 1000. Which of the following

statements are true?

1.

lim P (t) = 5000

t—o0

2.

%is,positive, for,t > 0.
3.

d2

?fis,positive, for,t > 0.

41. If ¢ and ¥ are positive real numbers, which of the following conditions guarantees that the infinite

o0
series (_) (—2) converges?
Y Y

n=0

®w>y
.'1r:>y2
@a:<y

@m<y2
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42 —
Let = be a real number. Which of the following statements about the infinite series E " is true?
k=0

The sum of the series is ﬁ ifz <0. v

® &

The sum of the series is 7=z if z > 0.

The sum of the series is 1—z if z < 0.

The sum of the series is 1—z if z > 0.

©® ©

. -+ sec T
. lm T
3 zomw T2—m2 IS

o

|
NJE]

® ©

® | ©

nonexistent

44, i 6e—2e%—4
20 sin(2z)
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(») 2
() 4

©9 v

(o) 18

45. Let f be the function defined by f(z) =2z + 3e7>®, and let 9 be a differentiable function with

derivative given byg’ (a:) == +4cos ( ) It is known that 11mg( ) 0 The value of llm E ; is

OJNO,
<

nonexistent

©® ©

. sin ¢ _
46. Lo =

() 1

©
L
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-

o) =X

Consider all lines in the Z¥-plane that pass through both the origin and a point (z,¥) on the graph
of y=2% —4x + 9 for 1 <z < 4. The figure above shows one such line and the graph of
y = 22 — 4z + 9. Which of the following statements is true?

@ The line with minimum slope passes through the graph of y = 2> — 4z +9atz = 1.

The line with minimum slope passes through the graph of y = 2> — 4z + 9 atz = 2.

@ The line with minimum slope passes through the graph of y = 22 — 4z + 9 at = = 3. v

@ The line with minimum slope passes through the graph of y = z? —4z+9atz =4

‘ t) dt
Let g be a continuously differentiable function with g (1) =6 and ¢’ (1) = 3. What is lim/I 9@ 2
z—1 g(z)—6
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@ The limit does not exist.

S) | Six) | ) | M)
210 0 5 7

The third derivative of the function fis continuous on the interval(0,4) . Values for f and its first three

. f
derivatives atx=2 are given in the table above. What is llm—(x)z ?
z—2 (z—2)

OJNO,
<

The limit does not exist.

® ® O
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50. Let fand g be functions that are differentiable for all real numbers, with 9(z) #0 for x # 0. If

iiil(l)f(-’l?) = lig%g(w) =0 and lim

z—09 (2)

®o
e f(z)

9(z)

@
@ T v
@ f (@)g(x)—f(z)d (x)

(f(z))?

@ nonexistent

fle) exists, then Timg 72 is
z—0 9(2)

OJNO,
{

=

divergent

©® @ ©

o0
52. / ze ™ dx is
1
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divergent

©
O,
®

® @ @

54. 7
/ % s
(1+2?)

1
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D=

|
=

<

divergent

© 0@

a

1
9. If R is the unbounded region between the graph of ¥ = 2(lnz)? and the x-axis for z > 3, then the

area of Ris

-1/In3

In(In 3)

® &

1/In3 v

3
(in 3)3

infinite

ONORNC)

® 1 |
56. / —dzx and/ —dz both diverge when p =
1 P 0o @
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©
O,
®

N =

® &

Which of the following statements about the integral / sec’zdz is true
0

The integral is equal to 0.

The integral is equal to 2/3.

lim sec?

The integral diverges because P does not exist.

® ©

. . lim ¢ .
The integral diverges because z_f% an® does not exist.
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o0 2n+1

?
3n

What is the value of
n=1
@ 1
2
OX v
(o) 6

@ The series diverges.

(=2)"

o —
What is the sum of the series Z Tontl ?
n=1
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-2
® o=

NNl
'é',w

O @ ©
3

The series diverges.

(=2}

1 o0 2 n
" Whatis the value of Y (—5) ?
n=0

-2

@ &

<

The series diverges.

® 06

o
N

Which of the following series converge to 27?
. 2n
g z:: n+3

n=1
1

n= (_3)n

. Zzin

n=0
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