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Section 4: Integration by parts

Notes and Examples

These notes contain subsections on
e Integration by parts
e Using integration by parts more than once
e Definite integration by parts

Integration by parts
Integration by parts is another technique which can sometimes be used to integrate
the product of two simpler functions. It is useful in many cases where a substitution
will not help, although it cannot be used for all functions.
Suppose you want to integrate x cos x. This is the product of two functions which we
can integrate, x and cos x. This suggests that reversing the product rule might give us
a method.

Try differentiating x sin x using the product rule:

d . .
d—(xsm X) = X% C0S X +Sin xx1
X

= XCO0S X +Sin X
So j(xcosx+sin x)dx = xsinx+c
and jxcosx dx+Isinxdx=xsinx+c

and finally jxcosx dx = xsin x—jsin X dx+c

= XSIiN X+COSX+C
We need to take the cleverness out of this method and make it more systematic!

Starting with the product rule for differentiation:

d dv  du
—(@uv)=u—+v—

dx dx  dx

= u dv = d (uv) —v du
dx dx dx

Now integrate both sides with respect to x:

L Z25 Differentiating uv, then
IU dx — j—(uv)dx-jvd—udx integrating the result, just
dx leaves uv!
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dv du
= J'u&dx=uv—_[v&dx

This formula is called integration by parts.

This formula can be used to find the integral of x cos x shown earlier:

Split the integrand x cos x into two parts u and ?:
X
u=X,QzCOSXSV:ICOSXdX:Sinx <
dx ~~----You don't need a ‘+c’ here, as

it is added to the final result
So J‘u@dx=uv—jvd—udx
dx dx

. . d
= = — il
jxcosx dx = xsin x Ismxdx (x)dx

=Xsin x—jsin X dx

= XSIN X+CO0SX+C

The choice of how to divide up the integrand between u and j_v is a matter of
X

experience. Usually, u is a simple function, such as a linear function of x, which
becomes even simpler when differentiated.

However, when the integrand involves a logarithm, this has to be ‘u’: In x can’t be

integrated easily, so it can’t be d_v This is shown in the following example:

dx

Example 1
Find jxlnxdx.
Solution

du 1
u=Inx=—==

dx x
ﬂ:x:>v:%x2
dx

Using the formula for integration by parts:
ju%x:uv—jvd—udx
dx dx
1
= J.xlnxdx:%lenx—j%xzx;dx
:%lenx—j%x dx

—1y2 12
=5X Inx-$x"+c
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Using integration by parts more than once

Sometimes you will need to use integration by parts more than once, as in the
following example.

Example 2
Find J.(x+1)2e‘2X dx
Solution
, du
u=(x+1)"=—=2(x+1)
dx

dv

dx
Using the formula for integration by parts:

ju%dx=uv—jv3—idx

—e ¥ =v= je P dx=-1e*

(x+D%e® dx=(x+1)*x—1e? — | 2(x+1) x—Lte**dx
2
c O OO

Be careful

ith signs
~H(x+DPe P+ [ (x-+ D e Pdx st

The new integral we need to find, _[(x +1)e >dx, also has to be done using integration by
parts.

u :x+1:d—u=1
dx

dv

dx
Using the formula for integration by parts:

j(x +1)e ™ dx = (x+1)x—L1e™ —J.lx—%e‘zxdx

=-1(x+1)e ¥+ Ile’zxdx

—e X =v= Iezxdx_ 1

—i(x+D)e P +ix—te* +c

Sl ldlD)
:—é(x+1)e‘2X ~le™4c

Again, be careful
with signs

So J.(x+1)2e‘2X dx=-3(x+D)’e > —i(x+De ™ -ie ™ +c

Definite integration by parts

When using integration by parts on a definite integral, the formula for integration by
parts becomes

I u—dx j v—dx
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Notice that the ‘uv’ part of the formula should be evaluated between the limits, as in
this final example:

Example 3
Find J’stin 2x dx.
0

Solution

u:x:>d—u:1
dx

ﬂ=sin 2x:>v:jsin 2X dx = —3cos2x
dx

Using the formula for integration by parts:
Iu @dx:uv—jvd—udx
dx dx
716 R 1 716 1
jo xsin 2x dx = [—4xcos 2x], —J.(—gcos 2x).1dx

:(—%X%COS%+%XOXCOSO)+I%COSZXdX

_ 1ei 716
T [45m 2X]o Remember that COSZ =+

-2
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